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The excellent treatises on Alg^bsa, which have been 
prepared by Professor Smyth and Professor Davies, 
containing as they do the best improvements of 
Boardon and other French writers, would seem to 
leave nothing to be desired in this department of 
mathematics. The form, however, adopted in Eng- 
lish works of instruction, of dividing the subject as 
much as possible into separate propositions, is prob- 
ably the best adapted to the character of the English 
pupil. This form has, therefore, been adopted in 
the present treatise, whil^ the investigation of each 
proposition has been conducted according to the 
French system of analysis. 

Great care has been taken in the choice of exam- 
ples, and free use has been made of Meier Hirsch's 
selection of problems. The principal aim has, in- 
deed, been to communicate that mechanical dexterity 
in the use of symbols, which is so itiiportant to the 
expert algebraist, and without which great progress 
in the higher branches of the science is almost im- 
possible. 

As this work is one of a Course of Mathematics, 
all subjects have been excluded from it, which do 
not strictly come within its limits. This will ac- 
count for the omission of the iruletermirkate an<dysis^^ 
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which is referred to the Theory of JVumbers ; for 
that of the theory of combinations, which is referred 
to the Doctrine of Chances ; and for that of the de^ 
velopment of fractions and logarithms into series, 
which is referred to the Theory of Functions. 

The polynomial theorem of Arbogast, in art. 137, 
which, in beauty and facility of application, rivals 
the binomial theqrem of Newton, will probably be 
new to most readers, as it is believed never before 
to have found its way into an elementary treatise. 
No apology need be made for the length of its demon- 
stration to one, familiar with the original investiga- 
tions of Arbogast, or who reflects upon its generality 
and unavoidable intricacy ; the learner will, however, 
find it less complex than it appears to be; and, at 
any rate, he may easily become familiar with the 
use of the theorem, even if he find the demonstra- 
tion too abstruse. 

The peculiar class of equations, introduced in 
article 118, being examples 10, 11, 12 of that arti- 
cle, will probably be as new to most readers, as they 
were to the author ; exhibiting the singular peculi- 
arity of being reduced in degree by the process of 
elimination. These examples might have been mul- 
tiplied to any extent, and are by no means acciden- 
tal in their formation. 

BENJAMIN PEIRCE. 
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CHAPTER I. 
Fundamental Processes of Algebra. 

SECTION f 

DefiDitions and Notation* 



1. Algebra^ according to the usual definition, is 
that branch of mathematics in which the quantities 
considered ^re represented by the letters of the alpha- 
bet, and the operations to be performed upon them 
are indicated by signs. In this sense it would em- 
brace almost the whole science of mathematics, ele- 
nientary geometry alone being excepted. It is, con- 
sequently, subject in common use to some limitations, 
which will be more easily understood, when we are 
farther advanced in the science. 

2. The sign -f- is called plus or more^ or the posi- 
tive sign, jind placed between two quantities denotes 
that they are to be added together. 

Thus 3 -|- 5 is 3 plus or more 5, and denotes the sum of 
3 and 5. Likewise a -|- 6 is the sum of a and b, or of the 
quantities which a and b represent. 

1 
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Signs of Addition, Subtraction, Multiplication, and Division. 

3. The sign — ^ is called minus of less^ or the nega- 
tive sign, and placed between two quantities denotes 
that the quantity which follows it is to be subtracted 
from the one which precedes it. 

Thus 7 — 2 is 7 minus or less % and denotes the remain- 
der after subtracting 2 from 7. Likewise a — 6 is the re- 
mainder after subtracting 6 from a. 

4. The sign X is called the sign of multiplication, 
and placed between two quantities denotes that they 
are to be multiplied together. A point is often used 
instead of this sign, or, when the quantities to be 
multiplied together are* represented by letters, the sigh 
may be altogether omitted. 

Thus 3 X 5 X 7, or 3 . 5 . 7 is the continued product of 
3, 5, and 7. Likewise 12 X a X &, or .12 . a . 6, or 12 a 6, 

is the continued product, of 12, a, and 6. 

• 

6. The factor of a product is sometimes called its 
coefficient, and the numerical factor is called the nu- 
merical coefficient When np coefficient is written, 
the coefficient maybe considered to be unity. 

Thus in the expression 15 a b, 15 is the numerical co- 
efficient of a 5 ; and in the expression x y , 1 may be regarded 
as the coefficient of x y. 

6. The continued product of a quantity multiplied 
repeatedly by itself, is called the potoer of the quan- 
tity ; and the number of times, which the quantity 
is taken as a factor, is called the exponent of the 
power. 

The power is expressed by writing the quantity 
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Coefficient. Power. Root. 

ODce with the exponent to thd right of the quanity, 
and a little above it. When no exponent is written, 
the exponent may be considered 16 be unity. 

Thus the fifth power of a is writte,n a^^ and the exponent 
of a may be regarded as 1. 

7. The root of a quantity is the quantity which, 
multiplied a certain number of times by itself, pro^ 
duces the given quantity ; and the indea: of the root 
is the number of times which the root is contained as 
a factor in ^he given quantity. 

The sign \/ is called the radical sign, and when 
prefixed to a quantity indicates that its root is to be 
extracted, the index of the root being placed to the 
left of- the sign and a little above it. The index 2 is 
generally omitted, and the radical sign, without any 
index, is regarded as indicating the second or square 
root. 

Thus, va or \/a is the square root of a, 

3 

\/a is the third or cube root of a, 

4 

\/a is the fourth root of a, 

n 

\/a is the nth root of a. 

8. The signs -f- and : are called the signs of divis- 

ft 

ion, and either of them placed between two quantities 
denotes that the quantity which precedes it is to be 
divided by the one which follows it. • The process of 
division is also indicated by placing the dividend over 
the divisor with a line between them. 

Thus, a -^ b, or a : b, or t denotes the quotient of a di- 

' 

vided bj 6. 
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Signs of Equality and Inequality. Algebraic Quantity. 



9. The sign = is called equal to, and placed be- 
tween two quantities denotes that they are equal to 
each other, and the expression in which this sign 
occurs is called an equation. 

Thus, the equation a ss 6 denotes that a is eqna] to b. 

10. The sign > is called greater than, and the sign 
< is called less than; and the expression in which 
either of these signs occurs is called an inequality. 

Thus, the inequality a > 6 denotes that a is greater than 
6; and the inequality a < 6 denotes that a is less than h ; 
the greater quantity being always placed at. the opening of 
the sign. 

11. An algebraic quantity is any quantity written 
in algebraic language. 

12. An algebraic quantity, in which the letters are 
not separated by the signs + and — , is called a mono^ 
mialy or a quantity composed of a single term, or sim- 
ply a tei^m. 

Thus, 3 a2, — 10 aH are monomials. 

13. An algebraic expression composed of several 
terms, connected together by the signs + and — , is 
called a polynomial, one of two terms is called a 6i- 
nomial, one of three a trinomial, &c. 

Thus, a^ -|- 6 is a binomial, 

c -{- X — y is a trinomial, &c. 

14. The value of a polynomial is evidently not 
affected by changing the order of its terms. 

Thus, a — b — c-(- J is the same as a — c — 6-["rf, or 
a-^-d — 6 — c, or— 6 + ^+« — <^> ^<^» 
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Degree, DimeDsion, Vinculum, Bar^'Parenthens, Similar Terms. 

16. Each literal factor of a term is called a dimenr 
sian, and the degree of a term i^ the number of its 
dimensions. 

The degree of a term is, therefore, found by tQldng 
the sum of the exponents of its literal factors. 

Thus, 7x is of one dimension, or of the first degree ; 
5 a^ 6 c is of four dimensions, or of the fourth degree, d&c 

16. A polynomial is homogeneous^ when all its 
terms are of the same degree. 

Thus, 3a — 2 b-^-c IS homogeneous of the first degree, 
8 a^b — 16 a^ b^ -|~ ^^ ^^ homogeneous of the fourth degree. 

17. A vinculum or bar , placed over a quan- 
tity, or a parenthesis ( ) enclosing it, is used to ex- 
press that all the terms of the quantity are to be 
considered together.. 

Thus, (a -f 6 + c) X cf is the product of a -[- ^ + c by rf, 

js/x^ +y^, or \^{x^ +y^) is the square root of x^ +y*« 

The bar is sometimes placed vertically. 

Thus, a 

— 26 

+ 3c 

is the same as 

(a— 26+3c)x+(6aa+3— 2rf)x« + (— 3c-f4£/— l)a;3. 

18. Similar terms are those in which the numerical 
coefficients being neglected, the literal factors are 
identical. 

Thus, 7 ab and — 3 a 6 are similar terms, 
and — 5 a* 6 5 and 3 a* b^ are similar ; 

but 2 a^ 63 and 2 a^ 6* are not similar. 

1* 



2 + 5a2 
+ 3 
— 2d 



x2 — 3 c 
+ 4rf 
— 1 
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Reduction of Polynomials. 



19. The terms of a polynomial which are preceded 
by the sign -j- are call.ed the positive terms, and those 
which are pjfeceded by the sign — are called the nega-- 
tive terms. 

When the first term- is not preceded by any sign it 
is to be regarded as positive. 

20. The following rule for reducing polynomials, 
which contain similar terms, is too obvious to require 
demonstration. 

Find the sum of the similar positive term's by add-^ 
ing their coefficients, and in the same way the sum, 
of' their similar negative terms* The difference of 
these sums preceded by the sign of the greater , may 
be substituted as a single term for the terms from, 
which it is obtained* 

When these sums are equal, they cancel each other, 
and the corresponding terms are to be'omitted. 

Thus, a2 6 — 9a62-|-8a»6 + 5c— 3a2 6+8a62_ 
2a2 6 + c-(-a62 — 8c is the same as 8 a^ 6 — 2c. 

r 

EXAMPLES. 

1. Reduce the polyDomial 10 a* -^-Sa^ -|-6a* — a* — 
5 a* to its Amplest forin. Ans. 13 a*. 

2. Reduce the polynomia^l 5 a* 6 -}- 3\/« b^c — 7 a 6 -|- 
l7ab + 2A/ab^ c — 6a^ b — 8\/ah^ c — \0ab+9a^b 
to its simplest form, Ans, 8 a* 6 — 3 \/a b^ c, 

3. Reduce the polynomial 3a — 2a — 7/-}- 3i/+ 2 a 
•(- 4y — 3 a to its simplest form» Ans, 0. 
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Addition. 



SECTION ir. 
' Addition. 

21. Addition consists in finding the quantity equiv- 
alent to the aggregate or sum 6f several different 
quantities. 

22. Problem, To find the sum of any given quan- 
tities. 

Solution. The following solution requires no de- 
monstration. 

The quantities to be added are to be written after 
each other with the proper sign between them, and the 
polynomial thus obtained can be reduced to its sim- 
plest form by art, ^. 



EXAMPLES. 

1. Find the sum of a and a. Ans, 2 a. 

2. Find the sum of 11 x and 9 x, Ans. 20 x, 

3. Find the sum of 1 1 a: and — 9x, Ans. 2 x. 

4. Find the sum of — 1 1 a; and 9 x. Ans. 2 «. 

5. Find the sum of — 11 x and — 9x* Ans, 20 ar. 

6. Find the sum of a and — 6. Ans. a b. 

7. Find the sum of — 6/, 9/, 13/, and — 8/. Ans. 8/. 

8. Find the sum of — 12 6, — 4 6, and 13A. Ans. —3 b. 

9. Find the sum of \/x -{-ax — ab, ab — \/x -I- x y, 
ax-\-xy — iab, \/?-f- \^x — x and a;y-j-xy-j-aa;. 

Ans. 2\^-{-dax — 4ab'{-4xy — ». 
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Subtraction. 



10. Find the sum of 7 x2 — 6 Vi"+ 5 x^ z + 3— g 

— x2 — 3V? —Q — g 

— x2 -|- \/x — 3x3« — l+7g^ 

Ans. 422+3V? +2 + ^5'- 



SECTION III. 

Subtraction. 

23. Subtraction consists in finding the difference 
between two quantities, 

24. Problem, To subtract one quantity from an- 
other. 

Solution, Let A denote the aggrepite of all the positive 
terms of the quantity to be subtracted, and B the aggregate 
of all its negative terms ; then A — ^ is the quantity to 
be subtracted, and let C denote the quantity from which it 
it is to be taken. 

If A alone be taken from C, the remainder C--' A is as 
much too small as the quantity subtracted is too large, that 
is, as much as A is larger than A — B. The required re- 
mainder is, c<Misequently, obtained by increasing C — il by 
the excess of A above A -— B, that is, by B, and it is thus 
found to be C — A'{'B, 

The same result would be obtained by adding to C the 
quantity A — B, with its signs reversed, so as to make it 
— A -{- B, Hence, 

To subtract one quantity from another ^ change the 
signs of the quantity to be subtracted from + to — , 
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MultipIicatioQ of Monomials. 



and from •»— to -f-j «wrf add it with its signs thus re- 
versed to the quantity from which it is to be taken. 



EXAMPLES, 

1. From a take 6 -|- c* . Ans, a — h—^c, 

2. From a take — 6. Ans, a -f^ 6. 

3. From 5 a take ' — Sa. Ans, 10 a. 

4. From K a take 12 a. Ans, — 5 a. 

5. From — 19 a take — 20 a; Ans: a. 

6. Frpm 12 take —7. Ans, 19. 

7. From — 2 take 5. Ans, — 7. 

8. From— 11 take —20. Ans, 9. 

9. FromSa — 176 — 106 + 13a— 2a 

take 66 — 8a— 6— 2a + 3c; + 9a — 5A. 

Ans, 15a — 326 — 3c; + 5A. 

10. Reduce 32 a -f- 3 6 — (5 a -{- 176) to its simplest 
form. Ans, 27 a — 14 6. 

11. Reduce a + 6 — (2a — 36) — (5a + 76) — 

( — 13 a ~|- 2 6) to its simplest form. Ans. la — 5 6. 



SECTION IV. 

l^lultiplication. 

26. Problem. To find the continued product of sev» 
eral monomials. 

Solution, The required product is indicated by writing 
the given monomials afler each other with the sign of multi- 
plication between them, and thus a monomial is formed, 
which is the continued product of all the factors of the given 



10 " ALGEBRA. [cH. I. '^ IT. 



Multiplication of PolyDOmials. 



monomials. But as the order of the factors ma^i be changed 
at pleasure, the numerical factors may all be united in one 
product. 

Hence the coefficient of the product of given monO' 
mials is the product of their coeffi^e^its. 

The different powers of the same letter may also be 
brought together, and since, by art. 6, each exponent de- 
notes the number of times which the letter occurs as a factor 
in the corresponding term, the number of times which it 
occurs as a factor in the product must be equal to the sum of 
the exponents. 

Hence every letter which is contained in any of the 
given factors must be written in ihfi product, ipith an 
exponent equ^l to the swm of , all its exponents in the 
different factors, 

EXAMPLES. 

1. Multiply ah by ede, Ans. abcde, 

2. Find the continued product o(Zab,2c d, and efg, 

Ans, 6abcdefg. 

3. Multiply a" by a\ Ans, a« + ». 

4. Find the continued product of 5 a^, a^, 7a^, and 3a^. 

Ans. 105 a9i. 

6. Multiply 7 a3 b^ by 10 ab^ c^d. Ans. 70 a* b^ c^d. 

» 6. Find the continued product of Sa^b^^ a^ b^, and 

4 a 68 c. Ans. 20a^b^^c. 

7. Find the continued product of a?" bP c«, a* b^ c*, and 
ii« + «6. . Ans. a9«+2»5p+r+icy4-#^ 

26. Problem. To find the product of two polyno^ 
mials. 
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Multiplication of Polynomials. 

Solution, Denote the aggregate of all the positive terms 
of one factor by A and of the other by B, and those of their 
negative terms respectively by C and D ; and, then, the fac-. 
tors $re A — C and B — Z>. 

Now, if il ^ — C is multiplied by B it is taken as many 
times too often as there are' units in D ; so that the required 
product must be the product of ^ — C by B, diminished 
by the product of -4 — C by 1> ; that is, 

{A — C){B — D)^ (A — C)B~{A — C) D. 

Again, by similar reasoning, the product o( A — C by 5, 
that is, of 5 by J. — C, must be 

{A—C)B==^AB — BC, 

and that of (-4 — C) by D must be 

{A — C)D — AD — CD; 

and, therefore, the required product is, by art. 24, 

{A — C) (B —D) = AB — BC— AD + CD. 

The positive terms of this product, AB and CD, are ob- 
tained from the product of^ the positive terms A and B, or 
from that of the negative terms — C and — D ; but the 
negative terms of the product, as — BC and — AD, are 
obtained from the product of the negative term of one factor 
by the positive term of the*other, as — C by JB or — 1> by ^. 
Hence, 

Theprodiict of two pelynomials is obtained by mulr 
tiplying each term of one factor by each term of the 
other, as in art. 26, and the product, of two terms 
_ which have the same sign is to be affected with the 
sign +, while the product of two terms which have 
contrary signs is to be affected by the sign — . 

The result is to be reduced a^ in art. 20. 
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EXAMPLES. 

1. Multiply x2 -|- y^ by a; -(- y. 

2. Multiply x^ -^^ X y^ -{-1 a z hy a X -^^ ^ a X, 

3. Multiply — a by 6. Ans, — ah. 
A, Multiply a by — h. Ans. — a 6. 

5. Multiply — a by — 6. Ans. a b. 

6. Multiply — 3 a by 14 c. Ans. -^A2ac. 

7. Multiply —{6^3 62 by — 11 a 63 c, 

Ans. 66 a* 65 c. 

8. Find the continued product of — a, — a, — a, and 
— a. Ans, a*. 

9. Find the continued product of — a^b, c^e, — a,i— ^c^x^^ 
c, — 2ax^ — iSaftcfc, — 7, and 63;x3 

V Ans.ma^ b^ c^eAx'^. 

10. Find the continued product of 7a6x, ' — ax, — x, 
62 2:7,— 2 6, — 3, and— 5a7 63x5. ^ 

Ans, (;— 210 a^b''x^^ 

11. Multiply a -{- b by c "{- d, 

Ans, ac-^-ad-^-bc-^-bd. 

12. Multiply a3 + 62 — c by a^ — b^, 

Ans, a^ — a3 53 ^ ^2 6^ — a^c — • 6^ -f 63^. 

13. Multiply a-\-b-{-c by a-\-b — c* 

Ans. a2+2a6 + 62 — c2. 

14. Multiply x2 — 3 2; — 7 by X — 2. . 

Ans, x^ — 5x2— .x-f-14. 

15. Multiply a^-^- a* + a® by a2 — 1. Ans, a^ —a^. 

16. Multiply 8 a» 63 + 36 aS 54 _|. 54 ^7 55 «|_ 27 ^e je 
by 8a9 63 — 36a8 6*+54a7 66 — 270^66. 

Ans, 64 ai8 56 _ 432 ^le 58 ^ 972 a^ 6^0 —7^ a^^ 6^2 
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Product of Sum and Difference ; of Homogeneous Quantities. 

17. Find the continued product of ^« + 2y, 2 a; — 3y, 
— « + y» and — 2 a;^— y, 

Afis. 12x*— 16a;3y_l3a;2j^a^lla;y3^ey*. 

18. Multiply a + 6 by a — 6. Am, a^ — b^. 

19. Multiply 2 a^x + 7 d^ 2«^ by 2a3a; — 7 a^ zK 

Ans. 4 ac aj2 _ 49 ^4 a;io. 

27. Corollary. The continued product of several 
monomiaU is, as in examples 8 and 9, positive, when 
the number of negative factors is even ; and.it is nega- 
tive, as in exanjple 10, when the number of negative 
factors is odd. 

28. Corollary, The product of the sum of two 
numbers by their difference is, as in examples 18 and 
19, equal to the difference of their squares. 

29. Theorem. The product^of homogeneous poly- 
nomials is also homogeneous, and the degree of the 
product is equal to the sum of the degrees of the fac- 
tors. 

Demonstration, For tl^e number of factors in each term 
of the product is equal to the sum«of the numbers of factors 
in all the terms from which it is obtained; and, therefore, 
by art. 15, the degree of each term of the product is equal 
to the sum of the degrees of the factors. Thus, in example 
16, the degree of each factor is 12, and that of the product 
is 12 + 12 or 24. 
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SECTION V. 
DivifioQ. 

30. Problem. Tq divide one monomial by another. 

Solution. Since the dividend is the product of the divisor 
and quotient, the quotient must be obtained by suppressing 
in the dividend all the factors of the divisor which are con- 
tained in the dividend, and simply indicating the division 
with regard to the remaining factors of the divisor. Hence, 
from art. 25, 

Suppress the greatest common factor of the num,eri- 
cal coefficients. 

Retain each letter of the divisor or dividend in the 
term in which it has the greatest exponent^ and sup- 
press it in the other term; and give it an exponent 
eqital to the difference of its exponents in the two 
terms. But when a letter occurs in only one term, 
it is to be retained in that term, with its exponent un- 
changed. 

The required quotient is, then, equal to the quotient 
of the remaining portion of the dividend divided by 
that of the divisor, and m^y be indicated as in art. 8 ', 
or, when the tdi'disor is reduced to unity, the quotient 
is simply equal to the remmning portion of the divi- 
dend. 

The sign of the quotient must, from art. 26, be the same 
as that of tlie divisor when the dividend is positive, and it 
must be the reverse of that of the divisor when the dividend 
is negative ; whence we readily obtain the rule. 
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I 

When the divisor and dividend are both affected by 
the same sign^ the quotient is positive; but when they 
are affected by ^contrary signs^ the quotient is nega-r 
tive. 

The rule for the signs in both division and multiplication 
may be expressed still more concisely as follows. 

Ldke signs give -|-.; unlike signs give -—. 



EXAMPLES. 

1. Divide 65 a 6 by 5 a. Ans, — — = 13 b, 

2. Divide — 132 a^ bH by 11 a» b^. . Ans. — 12 a^c. 

3. Divide 144 a &» c^ d^e by — 112 a bH e^h. 

Ans, — • — - . 
Ibe^h 

27 

a 

6. Divide 7 a^ x^ by 21 a^ x^. 



4. Divide — r 135 by — 5 a. Ans, 



Ans. 


1 

3a2' 


^ • 


Ans. 


«"*""». 




3a« 


»— p6»- 


-« 



6. Divide cC^ by a*. 

7. Divide — 3i<" 6* by — 4 op 6« c*". Ans. 

8. Divide a by — a. Ans. — I. 

9. Divide — a by a. Ans, — 1. 
10. Divide — a by — a, Ans. 1. 

31. Corollary. If the rule for the exponents is applied to 
the case in which the exponent of a letter in the dividend is 
equal to its exponent in the divisor, when, for instance, a^ 
is to be divided by a"*, the exponent of the letter in the quo- 
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Exponent equal to Zero. Negative JEzponents; 

tient becomes zero. But the quotient of a quantity dnrided 

by itself is unity. 

Whence any quantity with an exponent equal ta 
zero is unity. 

Thus, tf»^flr«=a«s=:l. 

32. Corollary, When, in example 6 of art. 30, the expo- 
nent n of a in the divisor is greater than its exponent m la 
the dividend, the exponent m-^ it in the quotient is negative ; 
and a negative exponent is thus substituted for the usual frac* 
tional form of the quotient. 

Thus, if m is zero, we have 

a* -r- <«» = 1-T- <«» = — = a— *. 

a* 

In the same way we should have 

Any quotient of monomials may thus be expressed 
by means of negative exponents without using frac-* 
tional forms. 

EXABTPLES. 

1. Divide Sa^b^c^dhy ISa b^ c^ d^ e^ 

2. Divide 6 ft7 6 by 9 a 67. 

-4n5. f a«6-6=2.3-i«66-6^. 

3. Divide I by8a"&. 

4. Divide 3 by a. Ans. 3 a- ^ 

33. Corollary. Quantities, thus expressed by means 
of fractional exponents, may' be used in all caleula- 
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tions, and may be added, subtracted, multiplied, or 
divided by the rules already given, the signs being 
casefuUy attended to. 

EXAMPLES. 

» 

1. Findthe sam on a-^+9cFh-P—6ab-^c\—3ar^, 

Ans.Sa-^ + Sab-^cK 

2. Reduce the polyuomial 9a— 3^—2 ^4 — 75 a —3 + 
(18a-3 6 — 6 a« 6«-f c* — 3 .25) — (3 a* 6"— a-3 6-2^4 

-|- 3 c* — 5 . 2^) to its. simplest form. 
Ans. 10a-3 6-2c4^11a-36_8fl«6«_2c» + 2.2«. 

3. Multiply a-"" by a". Ans, a— *"+» = a""""*. 

4. Multiply a* by a"-". Ans, a**""". 

5. Multiply a~** by a—*. Ans, a— *~* = a — (*•+*). 

6. Find the continued product of ila~^, — 2a— ^4a®, 
and — 9a7. Ans. 792 o^. 

7. Find the continued product of 2 a— 3^ 7 a"-®, and 

— 3a«. Ansi — 42a-«==— ^ 

ao 

8. Find the continued product of So^J-^ 10 a^b^c, and 
— 3 a7. Ans, — 150 a^^ b c. 

9. Multiply — l3a-i&c-3 by _4a-36-6c2. 

ilws. 52a-*6-5c-i. 

10. Divide a """ by a». Ans, a — * — » = a — (" + »). 

11. Divide a" by — » Ans. a* + *. 
12- Divide a—* by a—". ilns. a — "+*== a" — ". 

13. Divide 14a-8&c3c?-ic by 2a6-3c6^A. 

Ans. la-^bU-^d-^eh-K 

14. Divide — 3a« by 2a« + "6c-^. 

Ans. — Ja— *6— ^c. 
2* 
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34. Problem. T^ divide one polynomial by an'- 
other. 

Solution, The term af the divideiid, which contains tXe 
highest 'power of any letter^ must be the product of the tem 
of the divisor which contains the highest power of the same 
letter, multiplied by the term of the quotient which pontains 
the highest power of the same letter. * 

A term of the quotient is consequently obtained by 
dividing, as in art, 30, the term of the dividend which 
contains the highest power of any letter by that term 
of the divisor which contains the highest power of the^ 
same letter. 

But the dividend is the sum of the products of the divisor 
by each term of the (quotient ; andj^ therefore, 

If the product of the divisor by the term just found 
is subtracted from the dividend, the remainder must 
be equal to the sum of (he products of the divisor by 
the remaining terms of the quotient, and may be used 
as a new dividend to obtain another term of the quo^ 
tient^ - 

By pursuing this process until the dividend is en-- 

9 

tirely exhausted, all the terms of the quotient may be 
obtained. 

It facilitates the application of this method. to ar- 
range the terms of the dividend and divisor according 
to the powers of some tetter, the term, which contains 
the highest power being placed first, that which con-^ 
tains the next to the highest power being placed next^ 
and so on. 
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exampx.es. 

1. Divide — 16a^x3^a6 »|. 64 2;6 hy 4?;2 -f a^ — 4aa;. 

Solution, In the following solution the dividend and divisor 
are arranged according to the powers of the letter x ; the 
divisor is placed at the right of the dividend with the quotient 
below it. « 

As each term of the quotient is obtained, its product by 
the divisor is placed -below the dividend or remainder from 
which it is obtained, and is subtracted from this dividend or 
remainder. 

64x6— I6a3x3 + a6 4 a:^ — 4 tf a; + gg = Divisor. 

16x4-f_i6ax3+l2a2x2^4a3a;^^ 



64x6_64aa;5-(-i6a2a:4 



1st Remainder. 



64axs -;-64a2 a;4 + 16a3 a;3 

48 a2 x^ — 32 a3 2;3 -j- a6 = 2d Remainder. 
48 a^ X* — 48 a3 x3 »|. 12 a* 2;2 

16 a3 x3 — 12 a* x^ + a^ = 3d Remainder. 
16 a* X* — 16 a* x2 *|-4a5x 

.4 a* x2 — 4 a^it + "^ =^ ^*^ Remainder. 
4a*x2 — 4a^x-|-a® 

Ans. 16x* + 16ax3-^12a2a;:»-|-4a3x-}-a*. 
8. Divide b c^ — cH by c^. ^Ins. 6 — x. 

3. Divide a2^2a6 + 62 by a + 6. ilns. a-f 6. 

4. Divide — aS 54 ^ 15 « 11 55 _ 43 ^w 56 _ 20 a^^ IP by 
10a9ft2_a65. ^/i5. a2 63 _5a5 54 _2a8 65. 

5. Divide 1 — 18^2 -j. gl'z* by 1 + 6« + 9x2. 

^n5. 1-^62-1-922. 

6. Divide 81 a^ -f 16 h}^ — 72 d* 6^ by 9 a* -f 12 a2 6» 
+ 46«. -4ns. 9a* — 12 02 63 4. 4 6«. 
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7. Divide a^«» — 3a?*«y2ii ^3 2;2«ry4« — p^n by a;3m — 
3x9«y»-|-3x*y2» — y^\ 

8. Divide — 1 + a^ n^ by — 1 -f an. 

-4n5. 1 -|- a n + a* n^.. 

9. Divide 2a* — 13 a* 6 + 31 a2 fia — 38 a ft^ + 24 6* 
by 2a2 — 3«6 + 462. iiits. a* — 5 a 6 -f 6 &». 

10. Divide a^— 62 by a—h. Ans. a-f*6. 
il. Divide a^ — b^ by a — b. Ans. a^ -\-ab-\-b^. 

12. Divide a* — 6* by a — 6. 

.4n5. a3 + a2 6 + a62-|.fi3. 

13. Divide a* — 6® by a — 6. 

^n5. a* + a3 5 + a2 62 + a63 4- 6*. 

36. Corollary. The quotient can be obtained with 
equal facility by using the terms which contain the 
lowest powers of a letter instead of those which contain 
the highest powers. 

In this casCy it is more convenient to place the term 
containing the lowest power first, and that containing 
the next lowest next, and so on. 

This order of terms is called an arrangement ac- 
cording to the ascending powers of the letter ; whereas 
that of the preceding article is called an arrangement 
according to the descending powers of the letter. 

mm 

36. Corollary. Negative powers are considered to 
be lower than positive powers, or than the power 
zero, and the larger the absolute value of the expo« 
nent the lower the power. . 

Thus, a^ ar-« — a^x-^ + «® + or-^x + ar-^ x^, 

is arranged according to the ascending powers of x^ and ac- 
cording to the descending powers of (l 
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EXAMPLES. 

1. Divide.d* + fla — a-2 — a~* by a^ — ar^, 

Ans. a^ + 1 4- «~^» 

2. Divide 4a*6-6+l2a36-5+9a25-* — ft-2-(-2a-2 
— a-* 62 by ^a^b-^+Sab-^ — br-^+ar-n. 

Ans. 2 a2 6--3 + 3 a 6-2 -f &-1 — flr-26. 

36. In the course of algebraic investigations, it is 
often convenient to separate a quantity into its fac- 
tors. Tiiis is done, when one of the factors is 
known, .by dividing by the known factor, and the 
quotient is the other factor. 

And when a letter obcurs as a factor of all the terms 
of a quantity, it is a factor of the quantity, and may 
be taken out as a factor, with an exponent equal to 
the lowest exponent which it has in any term, and 
indeed by means of negative exponents ^ny mono* 
mial may be taken out as a factor of a quantity. 

EXAMPLES. 

1. Take out SaH as a factor of l^af^ b^ + 6a^ b + 
9a^b^ + Za^b. Ans. 3an{5aH + 2a + 3b + l). 

2. Take out o" as a factor of 3 a*»+i + 2 a*" . 

Ans, a"(3a + 2). 

a Take out Sa® 5»c as a factor of 6 a^ b'^ c^ + 6ab9c 
— 2a6+2 — a^c. 

Ans. 2a3 65c(3a3 62c + 3a-"2 63_a-Qfi-4c-i-|- 

4. Take out 6 as a factor of a^-^b — 6». 

Ans. 6((i"-i — 6"-*). 
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Difference of two Powers divisible by Difference of their Roots. 

37. Theorem, The diSerence of two integral posi- 
tive powers of the same degree is divisible by the 
difference of their roots. . 

Thus, a" — 6» is divisible by a r— hi 

Demonstration. Divide a" — h^ by a — &, as in art« 34, 
proceeding only to the first remainder, as follows. 



a* — 6« 

a* — a*— ^6 



a — h 



a»-i 



1st Remainder = fl*— ^ i — 6* ; 
or as iu example 4, of art. 36. 

Ist Remainder = <«»-i6 — 6» = 6(a»-i — 6«-i). 

Now, if the factor a*— ^ — 6*»— i of this remainder is di- 
risible by a — 6, the remainder itself is divisible by a — 6, 
and therefore a^^h^ is also divisible by a — 5 ; that is, if the 
proposition is true for any power as the (n — l)st, it also 
holds for the nth, or the next greater. 

But from examples, 10, 11, 12, 13 of art. 34, the proposi* 
tion holds for the 2d, 3d, 4th, and 5th ; and therefore it must 
be true for the 6th, li\ Sth, &c. powers ; that is, for any 
positive integral power. 

38. There are sometimes two or more terms in the 
divisor, or in the dividend, or in both, which contain 
the same highest power of the letter according to 
which the terms are arranged. 

In this casCf these terms are to be united in one by 
taking out their common factor ; and the compound 
tetms thus formed are to be used as simple ones. It 
is more convenient to arrange the terms which contain 
the same power of the letter in a column urtdet* each 
other ^ the vertical bar beifig used as in art. 17 ; and 
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to arrange the terms in the vertical columns according 
to the powers of some letter comanon to them. 



EXAMPLES. 



1. Divide a^ x^ —b^x^ — 4abx^ —2aH'\-2abx + 
a^ — 62 by ax — 6z — a — b. 

Solution. 



a^ 

— 62 

a2 

62 

1 


x^ — 4a6«2 — 2a2 

+ 2a6 


i + fl^ 

— 62 


a 
h 

a 


X — a 
— 6 




x3 — a2 
— 2a6 
-.62 


x2 


x2'\-a 
— 6 


X — a 


a2 
Ist Rem. — 2 a 6 

+ 62 


x2 —2 a2 
+2a6 


X + a2 
— 62 




a'^ 
—^ab 

+ 62 


z2 _ a^ 
+ 62 


x 




— a2 

2d Rem. +2a6 

— 62 


2; + a2 
— 62 




• 


— a2 

+ 2a6 

— 62 


x + a^ 
62 







I 



3d Rem. • 0. 

Ans. (a + 6) x2 + (a — ft) a; — (a — 6). 

2. Divide(66—10)a* — (762^236 + 20) a3 — (363 

—2262+316 — 5) a2 + (463— 962+56 — 5) a + 6' 
—26 by (36 — 5)a + 62— 26. 

Ans. 2a3 — (36— 4)a2 + (46_i)a+l. 
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3. Dhide— a« — (*2— 2c2)a*-f(fr*— ^*)a« + (66-^- 
26*c2-}-62c4) by a^—bi — c^. 

Ans. —a*— (262-.c2)a2— 6^— 62c2. 



4. Divide y^ 

— y 



X6_3y4 

_3y3 
+3y 



x* — y* 

+ 3y3 

— 103^2 

- 2y 



6 



+3y 
— 3y» 

— 9y* 
+3y=» 
-.6y2 



by y 



*2— 3y 
— 3 



y' 



+ 3y 

i4n5. 



— y 



X3_3y3 



CC2. 



• 
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Terms of a fraction may be multiplied or divided by the same quantity. 



CHAPTER II. 

Fractions and Proportions. 

SECTION I. 
Reduction of Fractions. 

39. WheiT a quotient is expressed by placing the 
dividend over the divisor with a line between them, 
it is called a fraction; its dividend is called the nu- 
merator of the fraction, and its divisor the deiiominator 
of the fraction : and the numerator and denominator 
of a fraction are called the terms of the fraction. 

When a quotient is expressed by the sign ( : ) it is 
called a ratio ; its dividend is called the antecedent of A 
the ratio, and its 4i^or the consequent of the ratio; 
and the antecedent and consequent of a ratio are 
called the terms of th^ ratio. 

40. Theorem, The value of a fraction^ or of a ratio^ 
is fiot changed by multiplying or dividing both its 
terms by the same quantity. 

Demonstration, For dividing both these terms bj a quait* 
tity I9 the same as striking out a factor common to the two 
tiu'iYis of a quotient, which, as is evident from art. 30, does 
not affect t]ie value of the quotient. Also multiplying both 
terms by a quantity is only the reverse of the preceding 
process, and cannot therefore change the value of the frac- 
tion or ratio. 

3 
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41'. The terms of a fraction can often be simplified 
by dividing them by a common factor or divisor. 
But when they have no common divisor, the fraction 
is said to be in its lowest terms. \ 

A fraction ts, consequently, reduced to its lowest 
terms, by dividing its terms by their greatest common 
factor or divisor. 

42. The greatest common divisor of two mmtomials 
is equal to the product of the greatest common divi- 
sor of their coefficients by that of their literal factoids, 
which last is readily found by inspection. 

EXAMPLES. 

1. Find the greatest common divisor of 75 a' 6^ cc^^^ x^ 
and 50 a3 c2 rfn a;6. Ans. 2Sa^ cd^^x^. 

2. Reduce the fraction ^,^ ^ , , ^ ,, f to its lowest 

132a«65c*c?3x2y 

terms. lldx^y^ 

'*"^- 12 a^ 63 c- 

17 a^ b 

3. Reduce the fraction ^, ^^ , to its lowest terms. 

51 ab^ 

A ""^ 

^^- Tb^' 

43. Lemma. The greatest common divisor of two 
quantities is the same with the greatest common di- 
visor of the least of them, and of their remainder 
after division. 

Demonstration. Let the greatest of the two quantities be 
A, and the least B ; let the entire part of their quotient after 
division be Q, and the remainder R ; and let the greatest 
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comman dirisor of ii and B be D, and that of B and R he 
E, We are to prove that 

Dz=iE. 

Now since R is the remainder of the difision of il by B, 

we have 

R^A — B. Q; 

and, consequently, D, which is^i divisor of il and By must 
divide R ; that is, Z> is a common divisor of B and R, and 
cannot therefore be greater than their greatest common di- 
visor JE. . 

Again, we have 

Az=zR + B.Q, 

and, conseqiuently, E, which is a divisor of JB and JS, must 
divide A ; that is, £ is a common divisor of A and B, and 
cannot therefore be greater than their greatest common di* 
visor Z>. • 

D and E, then, are two quantitiies such that neither is 
greater than the other ; and must therefore be equal. 

44. Problem. To find the greatest common divisor 
of any two quantities. 

Solution. Divide the greater quantity In/ the le^Sj 
and the remainder, which is less than either of the 
given quantities, is, by the preceding article,- divisible 
by the greatest common divisor. 

In the same^ way, from this remainder and the 
divisor a still ^mailer remainder can be found, which 
is divisible by the greatest common divisor; and, by 
continuing this process with each remainder and its 
corresponding divisot, fuantities smaller and smaller 
are found, which are all divisible by the greatest 
common divisor, until at length the comman divisor 
itself must be attained. 
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The greatest common divisor, when attained j is at 
once ret^ognised from the fact, that the preceding di- 
visor is exactly divisible hy it without any remainder. 

The qaantity thus obtained, must be the greatest common 
divisor required ; for, from the preceding article, the greatest 
common divisor of each remainder and its divisor is the 
6ame with that of the divisor and its dividend, that is, of the 
preceding remainder and its divisor ; hence, it is the same 
with that of any divisor and its dividend, Or with that of the 
given quantities. 

46. Corollary, When the remainders decrease to 
unity, the given quantities have no common divisor^^ 
and are said to be incommensurable or prime to each 
other, 

m 

• EXAMPLES. 

1. Find the greatest common divisor of 1825 and 1995. 
Solution, 



1995 
1825 



1825 



1825 
1700 



170, IstvRem. 



10 



170 
125 



125, 2d Rem. 



1 



125 

90 



45, 3d Rem. 



45 
35 



35, 4th Rem. 



35 
30 



10 
10 



10, 5th Rem. 

3~ 

5, 6th Rem. 
2" 

Ansi 5. 
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2. Find the greatest common dWisor of 13212 and 1851. 

Ans, 3. 

3. Find the greatest common divisor of 1221 and 333. 

Ans, 111. 

46. The above rule requires some modification in 
its application to polynomials. 

Thus it frequently happens in the successiye divisions^ 
that the term of the dividend, from vi^hich the term of the 
quotient is to be obtained, is not divisible by the correspond- 
ing term of the divisor. This, sometimes, arises from a 
monomial factor of the divisor vi^hich is prime to the divi« 
dend, and* which may be suppressed. 

For, since the greatest common- divisor of two quantities is 
only the product. of their common factors; it is not affected 
by any factor of the one quantity which is prime to the other. 

Hence any monomial factor of either dividend or its 
divisor is to be suppressed which is prime to the other 
of these two quantities ^ and when there i» such a factor 
it is readily obtained by inspection^ 

But if, after this reduction, the first term of the dividend, 
when arranged according to the powers of some letter, is 
still not divisible by the first term of the divisor similarly 
arranged; it follows from the preceding reasoning that it 
can lead to no error to 

Multiply the dividend by some monomial factor 
which will render its frst term divisible by the frst 
term of the divisor ^ and which is prime to the rc- 
duced divisor. Such a factor can always be obtained 
by simple inspection. 

When the given quantities have any common mono* 

3* 
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mial factor it is easily obtained from inspection, and 
it should be suppressed at first , and afterward multi' 
plied by the greatest common divisor of the remaining 
polynomials. 

Since any quantity which is divisible by A is also di- 
visible by — A; and any quantity which is divisible by — A 
is also divisible by A. 

All the signs of any divisor may he reversed at 
pleasure. 

EXAMPLE !r. 

1. Find the greatest common divisor of 21 a^ 6 x'^ -— 
31a*6x6 _ I68a7623 and Ha'b^cx^ — Ua^b^ex^ 4- 
28a* 63 cir;2_42a5 b^cx— 140 a« b^ c. 

Solution. Since 7a^b is a monomial factor of the two 
given quantities, suppress it, and they become 

3ax7_3a2 26_24a5 2^ 

2b^cx^—2ab^cJ^^iaH^cx^—6cfil^'cx—70t^^c. 

The first of the quantities thus reduced has the factor 
2ax^, which is prime to the second quantity, and the second 
quantity ha? the factor 2 b^ c, which is prime to the first. 
By the suppression of these factors the given quantities be- 
come 

2* — ax^ — 8 a*. 

X* — a2:9+2a*a;2 — S a\x — lOa*. 

Divide the second of these quantities by the first as (bl- 
lows. 



a;4 — ax3+2a2x2 — Qa^x — lOa* 

a;* — ax^ — 8a* 

1st Rem. 2a»x2_3a»2— 2a*. 



2* — ax^ — 8a* 



uL.>iir>" "• ' 'PIP 
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Greatest Common Divisor. 



This remainder, by the suppression of its factor a», be- 
comes 

a^a — Sax — 2a3 

which is to be used as the new divisor, and the fortoer divi- 
sor as the dividend. 

But as the first term of this new dividend is not divisible 
by the first term of its divisor, the dividend is to be multiplied 
by 9," and then divided by the divisor as follows, 

X* — az^ — 8a* 

2__ , ^ 

2x*— 2ax3 — 16a* 2x^—Sax~^ a2 
2x*— 3a23 — 2a2 3^2 ^2^ ^x, la^ 

a23-[-2a2x2 — 16a*,. which is to be multiplied by 2 to 

2 render its first term divisible by 

that of the divisor, 
2a23+4a2xi> — 32a* 

2aa:3— 3a2x2— 2a3z 

7a2aj2 4-2a?x— 32a*, which is to be multiplied by 2 

2 to render its first term divisible 

by that of the divisor. 

14a*2* + 4a3x — 64a* 

14a«a;2_21a3x_14a* 



aSa^x — 60 a*, 2d Rem. 

This remainder, by the suppression of its factor 25 a^ be- 

comes 

X — 2 a, 

by which the preceding divisor is to be divided as follows ; 



2 z» — 3 a X — ^ a^ 
2 2» — 4 a 2 



g — 2 a 

2x + a 



ax_2a2 
ax — 2a2 

0; 



1 
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whence 7 a^ b.{x — 2 a) is the required coimnon divisor. 

Ans.la^b{x — 2 a). 

2. Find the greatest common -divisor of z^ — a^ and 
z* — a^.. Ans. x — a. 

3. Find the greatest common divisor of 6 a® — 10 a^ ft -f. 
15&3 and 2a^ + 6a^ b + 6ab^ +Zb^. Ans. a + b. 

4. Find the greatest common divisor of z* + ** "I" ** 
+ z — 4 and z* -f- 2x3 +3x2 -j. 4 a; — 10. Ans. x — 1. 

5. Find the greatest common divisor of 7 a z^ -[-21 a z^ 
+ 14az and Sz^ -f-Sz* +3z* — 3z». Ans. z» + z. 

6. Find the greatest common divisor of 6a2z3-|-21 a^x^ 
—27 a* and 4z* 4- 5 a^ x^-}- 21 a^z. Ans. 2z-{-3a. 

47. When there are several terms in the gl^en 
poiynomialSf which contain the same power of the 
letter according to which the terms are arranged^ 
these terms are to be united in oncj as in art. 38, and 
the compound terms thus formed are to be treated as 
monomials. 

EXAMPLES. 



1. Find the greatest common divisor of 



z3 
— 9z 



and 



za 
-f 3z 



y5_ 2x* 

+ 2z3 
-f-18za 
— ISz 



^4 _3 23 

— 7z2 
+ 6x 



y4_ 3a;4 

-f 27z2 



yS 4a;3 

— 12z» 



y3-f 2z* 
— 18z2 



y2-J-. 4a;a 
4-12za 



glutton. The factor (z^ + 3 z) y i^ a common factor of 
Idl the terms, and is therefore to be suppressed, in otdet to be 
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Greatest Comiiion Divisor. 



multiplied by the greatest common divisor of the remaining 
polynomials. The polynomials thus become 



X 

• —3 



y4_2x2 
4-82 

— 6 



y3— 3a;2 
+ 92 



—62 



and 



y3, — 3 2 y2 — 4 2y4"^^* 

+2 



The suppression of the factor (2 -— 3) y in the first of 
these polynomials reduces it to 

y3_2x |y2_^iy-|.22, 
by which the second is to t>e divided as follows : 



+2 

ys— 2a; 
+ 2 



y2 — 42y4"42 



y2_3xy4-22 



y3_2a; 



y2_32y + 22 



1 St Rem. — 2y2 — xy-^-^x 

The suppression of — 2 in this remainder reduces it to 

y» + y-2, 

by which the preceding di?isor is to be divided as follows : 

y'+y— 2 



y3— 22 

+2 


ys— 3xy + 2a; 


y3+y2_2y ' || 


— 2 a; 
+ 1 


ya— 3a: 
+ 2 


y + 2* 


• —3a; 


y» — 2a;] 
+ 1 


y + 4a; 
— 2 


2 


y— 2a; 


Rem. 


+ 1 


+ 2 



y — 2i 

+ 1 
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The suppression of — z -f- 1 in this remainder redaces 
it to 

by which the preceding divisor is to be divided as follows : 



y' 


■+y- 


3 




—y— 
—y — 


■2 

■2 



y-i 



and therefore the greatest common divisor is the product of 
{x2+3x)5f byy + 2. ilns. (x^ +3a;) (y^ +2y). 

2. Find the greatest common divisor of the polynomials 
aa-f *2 + c2+2a6 + 2ac-t.26c and a^ — b^^c» — 
2bc, Ans, a-f-&-|-c. 

3. Find the greatest common divisor of the polynomials 



a*— 262 
— 2ca 



a + b^ 
— 6c». 



a^ + b^ and a^ -f 36a2-f 362 

— 2,62 ^2 _ c2 

il«5. a2 4- 2 fl 6 + 62 — c*. 
4. Find the greatest common divisor of the polynomials 



X 

— 1 



y*— 3x 



y* X2 

+ 3x 
—2 



y3 -|-X3 



y2_23 
+ X2 



y 



and 



x2 
— 1 



y* 1-3x2 y3^ a;3 

+ 3 



ya — a;3 



y 



+2x2 

— • X 

-*2 

^115. y (y_l)(x— 1). 



48. Problem, To reduce fractions to a common 
denominator. 

Solution. Multiply both terms of each fraction by 
the product of all the other denominators. 



MMMH 
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For the ralae of each fraction is, from art 40, not changed 
by this process ; and as each of the denominators thus ob- 
tained is the product of all the denominators, the fractions 
are all reduced to the same denominator. 

49. But fractions can be reduced to a common denomi- 
nator which is smaller than their continued product, when- 
ever their tonominators have a common multiple less than 
this product. For, by art. 40, 

Fractions may be reduced to a common denominor 
tor, which is a com^mon multiple of their denominators , 
hy multiplying both their terms by the quotients re* 
spectively obtained from the division of the common 
denominator by their denop%inators, 

60. Corollary. An entire quantity may, by the pre- 
ceding article, be reduced to an equivalent fractional 
expression having any required denominator, by re- 
garding it as a fraction, the denominator of which is 
unity. 

EXAMPLES. 

• 

3 2 5 

1. Reduce ^, r=, ^, to the common denominator 2ii 

o o o 

9 16 20 

'^"'* 24' 24' 24* 

2. Reduce -—-7, -pr-—, 8 a, - — y to the common deno- 

c^d 2c^ 4c d 

minator Ac^d. 

4a2 6 6ed ^ac'd Sac 

Ac^d' JTarf' 4carf ' Ac^if 
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9 

3. Reduce — ■ — r, 1, — ; — r, ^ .^ to the common 
a — — 6 a- -f- 6 a* — 6* 

denominator a^ -^ 6*. 

a2 + ga6+62 a^ — 62 a — b c -^ d 



Ans. 



a^ — b^ ' a2_62' a'— 62' tt2 — 62' 



61. Problem. To find the least common multiple of 
given qiiantities. 

Solution. When the given quantities are decomr 
posed into their simplest factors^ as is the case with 
monomials^ their least common multiple is readily 
obtained ; for it is obviously equal to the product of 
all the unlike factors^ each factor being raised to a 
power equal to the highest pvwer which it has in 
either of the given qu^antities. 

But the com/mon factors can always be obtained 
from, the process of finding the greatest common 
divisor. 

EXAMPLES. 

1. Find the least common multiple of ^a^b^cxy 3a^ 
bc^x^, 6acx = 2.3aca:, Oc^xio^ 32^7x10, 24 a® = 

23.3a8. 

Ans. 23 . 32 . a8 62 c^ zio == 72 aS 52 ^t jio. 

2. Find the least common multiple of 16 a x, 40 6^ x, 
26 a7 63 x2. Ans, 400 a^ b^ x*. 

3. Find the 'least common multiple of 'x«, x^--^, a;»— ^, 
2"—^, ic ^ Ans. x\ 

•4. Find the least common multiple of 6(a-|-6)2", 
54 (a— 6)3, (a+6)7, 81 (a— 6)3 a:«+2, 8(0+6)5 a;«-8. 

Ans. 648 (a + 6)7 (« _ 6)3 x«+9. 
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6. Find the least comEQon multiple of a^ + 2 « ft + ^^> 
— arb^ — 6». Ans. (a + 6)2 (a — 6) (a + 2 6)2. - 



SECTION II. 
Addition and Subtraction of Fractions. 

62. Problem. To find the sum , or d^ere^ice of 
given fractions. 

Solution, When the given fractions have the same 
denominator^ their sum, or difference is a, fraction 
which has for its denominator the given common 
denominator, and for its numerator the sum or the 
difference of the given numerators. 

When the given fractions have different denomi- 
nators, they are to be reduced to a common denomina- 
tor by arts. 48 and 49. 

EXAMPLES. 

1. Find the sum of -, -, and ^ 

oa f 

Ans. ^df+bcf^bde 

bdf 

2. Subtract - from -. Ans. ^~^ . 

b d bd 

3. Find the sum of — ^- and ^~ . Ans. a. 

4. Subtract ^~ from -~— Ans. h. 
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5. Reduce to one fraction the expression y + c. 



a-^-b c 



Ans. 



h 



6. Reduce to one fraction ^ + ^^ — ^'^ 

J 16a6c-{~15 c<;?/ — ^heg 
^^' ~~' 24 6272 ~* 

a. h 1 

7. Reduce to one fraction _ -t- -i. 

% x2 ^ a;8' 



^n5. 



ax2 — 6a;+l 



x3 



8. Reduce to one fraction — j — -[- 



a + 2 * a — 2* 

-4»s. — ^ ' . . 
a2 — z2 

9. Reduce to one fraction 

3 , 3 1 _ l — x 

4(l_a:)2 -T 8(1— x)^" 8(1 + 1) 4(1 + 22)- 

Ans. _i±l±^"_. 
1 — 2 — a* + Its' 

10. Reduce to one fraction 

3A 2A + g 5 

(A_2a:)2 + (A+x) (h-^x) ~ A +1' 

20/«x — 22x2 



.^n5. 



(A+2;)(A^2a;)2- 
11. Reduce to one fraction 

a3 a6 6 



(a + 6)3 (« + 6)^ ' a + 6 

a3 + c62 + 63 
(a + 6)3 

63. Corollary. It follows, from examples 3 and 4, 
that the sum of half the sum and half the difference 
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Product and Quotieat of Fr^etioDs. 

of two quantities is equal to* the greater of the two 
quantities ; and that the difference of half their sum. 

# 

and half their difference is equal to the ^smaller of 
them. 



^ SECTION III. 

Multiplication and Division of Fractions. 

64. Problem. To find the continued product of sev- 
eral fractions. 

Solution. The continued product of given fractions 
is a fraction the nurHerator of which is the continued 
product of the given numerators^ and the denominator 
of which is the continued product of the given denomi- 
nators. 

55. Problem. To divide by a fraction. 

Solution* Multiply by the divisor inverted. 

The preceding rules for the addition, subtraction, multi- 
plication, and division of fractions require no other demon- 
strations than those usually given "in arithmetic. 

66. When the quantities multiplied or divided con- 
tain fractional terms, it is generally advisable to re- 
duce them to a single fraction by means of art. 62. 

EXAUPLES. 

^u/ri-i'^t «c . e . ace 

1. Multiply together ^, ^, and -^ Ans. -r-j^ 

2. Multiply ^ -^ ^ by -rr-r-- — . Ans. =-jr-^. 
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3. Multiply T by -, '" Ans. I. 

4. Multiply a -| by 2 — 



a — X ^ a-\- x' 



Ans, 



a2 — x2 



5. Divide r J^Y -?• Ans. -r— . 

ha be 

6. Divide 1 by r-. ^W5. -. 

^ ^. ., ^ I5a3z6 ^ 3a6y2 20 ii^ 

7. Divide -rr-- — - by ^ , ^ . iln5. ^ ,^ — ^. 

8. Divide z2 + ^.^ by x. 



a -|- x' 

67. The reciprocal of a quantity is the quotient ob- 
tained from the division of unity by the quantity. 

Thus, the reciprpcal of a is - or a"~^, that of a* is — 

a <i" 

or a-«, that of a—** is a", and that of t is 1 -f-r ^r -. 

6 b a 

Hence the product of a quantity by its reciprocal is unity; 
the reciprocal of a fraction is the fraction inverted ; and the 
reciprocal of the power of a quantity is the same power with 
its sign reversed. 

68. Corollary. To divide by a quantity is the same 
as to, multiply by its reciprocal ; and, conversely, to 
multiply by a quantity is the same as to divide by its 
reciprocal. 
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Powers changed from one Term to the other of a Fraction. 



- 



Now a fraction is multiplied either by multiplying its nii- 
merator or by dividing its denominator ; and it is divided 
either by dividing its numerator or by multiplying its de* 
nominator. Hence, 

It has the s£rme effect to multiply one of the terms 
oF a fraction by a quantity, which it has to multiply 
the other term by the reciprocal of the quantity. 

59. Corollary. If either term of a fraction is mul« 
tiplied by the power of a quanity, this factor may 
be suppressed, and introduced as a factor into the 
other term with tlie sign of the power reversed. 

By this means, a fraction can be freed from nega« 
tive exponents. 

EXAMPLES. 

1. Free the fraction ^.^ from negative exponents, 

AnSf -r— . 

2. Free the fraction — ^ ^ — from negative exponents, 

3. Free the fraction — ^dr-^f^ ^^^ negative cx' 

ft» d'' e 
ponents. Ans. -t—z-tz. 

4. Free the fraction — ^ _^ from negative expo- 

nents. Ans. ^T, — , 

«* + 1 
• 4# 



r 
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5. Free the fraction --4- — » -^ from negative ex- 

1 -|-x^2 y— 3 

60. The preceding rules for fractions may all be 
applied to ratios by substituting the term antecedent 
for numerator, and consequent for denominator. 



SECTION IV. . 
ProportioDs. 

61. A proportion is the equation formed of two 
equal ratios. 

Thus, if the two ratios ^ : ^ and C : Z> are equal, the 
equation 

A :B = C:D 

is a proportion ; and it may also be written 

A _ C 
^ ~ D 

The first and last terms of a proportion are called 
its extremes ; and the second and third its means. 

Thus, A and D are the extremes of this proportion, and 
B and C ilB means 

62. If the ratios of the«preceding proportion are reduced 
to a common consequent, in the same way in which fractions 
are, by art. 48, reduced to a common denominator, we have 

AxBiBX D^BXC'.BXD', 



CH. II. <^ IV.] PROPORTIONS. 43 

I 

Product of Means equals that of Extremes. 

that 19, A X D and B X C have the same ratio io B X D, 
and are consequently equal, that is, 

AX D=^B X C, 

or, the product of the means of a proportion is equal 
to the product of its extremes. 

This proposition is called the test of proportions, 
that is, if four quantities are such that the product of 
the first and last of them is equal to the product of 
the second and third, these, four quantities form a 
proportion. 

Demonstration. Let A, B, C, D be four quantities such 
that 

A X D = B X C. 

We have, by dividing B X D, 

A X D :B X D = B X C:B X D, 

or, by reducing these ratios to lower terms, as in art 40, 

A:B = C:Dr 

that is. A, jB, C, D form a proportion. 

63. Corollary. U A, B, C, D form a proportion, wis ob- 
tain' from the preceding test 

A ^€r^-B< Z>, 

B:A = D:C ^ ^ 

B:D=zC:A 

D : C ^ B : A, d&c. ; 

that is, the term^ of a proportion may be transposed 
in any way which is consistent with the application of 
the test 



44 ^ ALGEBRA. [CB. II. ^ IT. 

To find the Fourth Term of a Proportion. 



64. Problem. Oive7i three terms of a proportion, to 
find the fourth. 

Solution, The following solution is immediately obtained 
from the test. 

When the required term is an extreme^ divide the 
product of the means hy the given extreme, and the 
quotient is the required extreme. 

When the required term is a msan, divide the pro- 
dtict of the extremes by the given mean, and the 
quotient is the required mean, 

EXAMPLES. 

1. Given the three first terms of a proportion respectively 

BC 

A, B, C; find the fourth. Ans. —j-- 

2. Given the three first terms of a proportion respectively 
2 a 62, Sa^b, 6b^; find the fourth. Ans. 9ab^. 

3. Given the three first terms of a proportion respectively 
fl", a*, c^; find the fourth. Ans, a»+i»— "*. 

4. Given the first term of a proportion a^b^, the second 
3a8 b^f the fourth lab; find the third. Ans. ^cr-^ 

6. Given the first term of a proportion 6 tf"""^6, the third 
15 a^b^, the fourth 400— ("—i); find the second. 

Ans. 16 a- 4 5-4. 

6. Given the three last terms of a proportion respectively 
a^ — b^, 2(a + 6), a^+2ab + b^i find the first. 

Ans. 2 (a — b.) 

66. When both the means of a proportion are the 
same quantity, this common mean is called the mean 
proportiQnal between the extremes. 



/ 
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Mean Proportional. Continued Proportion. 



Thus, when 

-4 : B = J5 : C, 

jB is a mean proportional between A and C 

66. If the test is applied to the preceding proportion it 
gives B^ z= A X C; 



whence B = \/A X C; 

that is, the mean proportional between two quantities 
is the square root of their product, 

67. A succession of several equal ratios is called a 
continued proportion. 

Thus, 

^ : jB = C : I> = JS : jP, &c. 

is a continued proportion. - ^ 

I i 

68. Theorem. The sum of any number of ante- 
cedents in a continued proportion is to the sum of the 
corresponding consequents, as one antecedent is to its 
consequent. - 

Demonstration. Denote the value of each of the ratios in 
the continued proportion of the preceding article by M, and 
we have 

3£= A : B = C : D v=z E . Fy &Lc.\ 

whence ^ 

A = BX M 

C=DXM 
E=: FX M, &c. ; 

and the sum of these equations is 
il + C+ £ 4- &c. = (5 + D + JE + &c.) X M; 
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whence 

A + C+E + 6LC. ___„__ ACE 
B + D + J'+d^ - ^^ - 5 "" ]9 "" F' 

69. Corollary. Either antecedent may he repeated 
any number of times in the above sxim^ provided its 
consequent is also rq>eated the same number of times. 

70. Corollary. Either ayitecedent may be subtracted 
instead of being added, provided its consequent is also 
subtracted. 

71. Corollary, The application of these results to the pro- 
portion 

A : B = C : D, 

gives A + C:B + D^A: B=: C:D 
A --^ C : B — D = A : B z=^ C : D 
mA'\-nC\mB'\-nD^A:B = C:D 
tnA — nC:mB — nD = A :B=C: D; 

whence A + C : B -}- D = A — C : B — D 

mA-^ nC:tnB.'{-nD = mA — nCimB — nD ; 

or, transposing the means, as in art. 63, 

A + C : A — C = B + D : B — D 

mA + nC:mA—nC=mB + nD:mB — nD; 

that is, the sum, of the antecedents of a proportion is 
to the sum, of the consequents, as the difference of the 
antecedents is to the difference of the consequents, or 
as either antecedent is to its, consequent. 

Likewise, the sum of the antecedents is to their 
difference,, as the s%im of the consequents is to their 
difference. 



■I 
i 
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MoFOOver, in finding these sums and differences^ J 

each antecedent may be multiplied by any number^ , \ 
provided its consequent is muiiipiied by the same 

number. ■\ 

72. Corollary. These rules may also be applied to the ^ 

proportion A : C = B : D 

obtained from A : B = C : D by transposing its 

means, and give 

A + B: C+D = A — B: C—D 
= m-4.+WjB:i?iC-j-ni> =^mA — nB : mC — nD 
= A : C=B: D; 

and A + B:A — B:=C+D:C—D 

m A^nBimA — nB = mC-{'nD : mC — nD; 

that is, the sum of the first two terms of a proportion 
is to the sum of the last two, as the difference of the 
first two terms is to the difference of the last two, or as 
the first term is to the third, or as the second is to the 
fourth. 

Likewise, the sum of the first two terms is to their 
difference, as the sum of the last two is to their dif- 
ference. 

Moreover, in finding these sums and differences^ 
f^th the antecedents m^y be multiplied by the same 
nvmber, and both the consequents may be mtUtipUed 
6y any number. 

73. Two proportions, as 

A\B = C: D 
and 

E:F=^ G:H, 



\ 
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Ratio of Reciprocals. 



may evidently be multiplied together, term by term, 
and the result 

AxEiBxF^Cx G:D X H 

is a new proportion. 

74. Likewise, all the terms of a proportioii may be 
raised to the same power. ♦ 

Thus, A :B=^ C: D 

A^ : JB2'= C2 : D^ 

A^A : \^B ^ s/C : ^D 



gives 



t^A : V^ = s/C ; V^ 



75. Theorem. The reciprocals of two quantities are 
in the inverse ratio of the quantities themselves. 

Thus, ^ : jB = ^ : -r. 

B A 

Demonstration. For A^ JB, — , and — are four quantities 

such that the product of- the first A and the last — is the 

same with that of the second B and the third -^ ; each pro- 

B 

duct being equal to unity. 
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CHAPTER III. 

Equations of the First Degree. 

SECTION 1. 

Putting Problems into Equations. 

76. The first step in the algebraic solution of a 
problem is the expressing of its conditions in alge- 
braic language ; this is called putting the problem into 
equations. 

77. No rule can be given for putting questions into 
equations, which is universally applicable. The fol- 
lowing rule can, however, be used in most cases, and 
problems, in which it will not succeed, must be con- 
sidered as exercises for the ingenuity. 

Represent the required quantities by letters of the 
alphabet. Perform or indicate upon these letters the 
same operations which it is necessary to perform upon 
their values, when obtained, in order to verify them. 

It is usual to represent the unknown quantities by 
the last letters of the alphabet;^ as v, w^ x, y, z. 

EXAMPLES. 

The following problems are to be put into equations, 

1. A person had a certain sum of money before him. 
From this he fir^t took away^ the third part, and put in its 

6 



. 1 
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Examples of putting Questions into Equations. 

Stead $ 50 ; a short time after, from .the sum thus increased 
he took away the fourth part, and put again in its stead $ 70. 
He then counted his money, and found 9 120. What was 
the original sum? 

Method of putting into equations. Let 

X = the original sum expressed in dollars. 

After taking away the third part and putting in its stead 
9 50, there remains two thirds of the original sum increased 

by f 50, or 

fx + 50. 

If from this sum is taken a fourth part, there remains 
three fourths; to which is to be added 970, giving 

f (fa; + 50)H-70 = ia:+107i; 

which is found to be equal to f 120. We have, therefore, 
for the required equation, 

4x4- 1074 = 1^- 

2. A merchant adds yearly to his capital one third of it, 
but takes from it at the end of each year $ 1000 for his 
expenses. At the end of the third year, after deducting the 
last $ 1000, he finds himself in possession of twice the sum 
he had at £rst. How much did he possess originally ? 

iins. If X = the original capital in dollars, the required 

equation is 

f^x — 4111^ = 2x. 

3. A courier, who go& 314 Q^il^s every 5 hours, is sent 
from a certain place ; when he was gone 8 hours, another 
was sent after him at the rate of 224 miles every 3 hours. 
How soon will the second overtake the first ? 

Solution, If X = the required number of hours, the num- 
ber of hours which the first courier is on the road is x -|- 8 ; 
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and the distance which h^ goes is obtained from the propor- 
tion 

5 : X -|- 3 = 31^ : distance gone by 1st courier ; 

whencOi by art. 64, - 

distance gone by 1st courier = fj^ {x -|- 8). 

The distance gone by the second courier is obtained from 
the proportion 

3 : X = 22} : distance gone by 2d courier ; 
whence 

distance gone by 2d courier = ^ z. 

But as both couriers go the same distance, the required 
equation is 

- f§(* + 8) = ^x. 



/ ' 



4. A courier went from' this place, n days ago, at the rate 
of a miles a day. Another has just started, in pursuit of him, 
at the rate of b miles a day. In how many days will the 
second courier overtake the first 1 

Ans. If X = the required number of days, the required 
equation is 

b X =z a (x -\~ n). 

5. A regiment marches from the place A, on the road to 
jB, at the rate of 7 leagues every 2 days ; 8 days after, 
another regiment marches from B, on the road to A, . at the 
rate of 31 leagues every 6 days. If the distance between 
A and jB is 80 leagues, in how many days after the depar- 
ture of the first regiment will the two regiments meet 1 

Ans. If X = the required number of days, the required 
equatioii is 

Jx4- V (x — 8) = 80. 
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6. A hostile corps has set out two days ago from a certain 
place, and goes 27 miles daily. Another corps wishes to 
march in pursuit of it from the same place, and so quickly 
that it may reach the other in 6 days. How many miles 
must it march daily to accomplish it? 

Ans. If X = the required number of miles, the required 
equation is 

6 a; = 216. 

7. From two diflferent sized orifices of a reservoir, the 
water runs with unequal velocities. We know that the orifi- 
ces are in size as 5 : 13, and the velocities of the fluid are 
as 8 : 7 ; we know farther, that in a certain time there issued 
from the one .561 cubic feet more than there did from the 
other. How much water, then, did each orifice discharge 
in this space of time 1 

Solution, Let x = the quantity discharged by the first 
orifice. 

As the size of the second orifice is i^ths of that of the 
first, the water discharged from the second orifice, if it 
flowed at the same rate, would be 

But as th^ water flows from the second orifice with a 
velocity Jths of that which it should have to discharge ^ x 
in the given time, its actual discharge must be 

whence the required equation is 

^ f^a; — a;=:561. 

8. A dog pursues a hare. When the dog started, the hare 
had made '50 paces before him. The hare takes 6 paces to 
the dog's 5 ; and 9 of the hare's paces are equal to 7 of the 



_ .^' 
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dog's. How many paces caa the hare take before the dog 
catches her 1 

Ans, If, X z=z the required number of paces, the required 

equation is 

IJ a; — x = 50. 

9. A work is to be printed, so that each page may contain 
a certain number of lines, and each line a certain number of 
letters. If we wished each page to contain 3 lines more, 
and each line 4 letters more, then there would be 234 letters 
more on each page ; but if we wished to have 2 lines less in 
a page, and 3 letters less in each line, then each page would 
contain 145 letters less. How many lines are there in each 

page ? and how many letters in each line ? 

> 

Solution. Let 

X ■= the number of lines in a page, 

I 

y = the number of letters in a linej^ 

and we shall have 

X y = the number of letters in a page. 

But if there were 3 lines more in a page, and 4 letters 
more in a line, the number of letters in a page would be 

(« + 3)(y + 4)=xy + 4x + 3y + 12, 

which exceeds the required number of letters iq a page by 

4x + 3y4-12; 

whence we have for one of the required equations 

4a; + 3y+12 = 224; 

and, in the same way, the condition, that 2 lines less in a 
page and 3 letters less in a line make 145 letters less in a 
page, gives the equation 

xy — (X — 2)(y — 3)=;145. 
or 

as + 2y — 6x=: 145. 

a* 



54 ALGEBRA. [CH. III. <^ I* 
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10. Three soldiers, in a battle, make $96 booty, wbick 
they wish to share equally. In order to do this, A, who 
made most,, gives B and C as much as.they already had ; in 
the same manner, B next divided with A and C, and after 
this, C with A and JB. If, then, by these means, the in- 
tended equal division is effected, how much booty did eack 
soldier make ? 

Ans, If a: = A's booty, 

y = B's booty, 

z = (7s booty, 

the required equations are 

X -^ y + z = 06 
4x — 4y — 4 2j = 6y — 2x — 2z 
4x — 4y — 4«= 7 z — x — y. 

11. A certam number consists of three digits, of which 
the digit occupying the place of tens is half the sum of the 
other two. If this number be divided by the sum of its 
digits, the quotient is 48; but if 198 be subtracted from it, 
then we obtain for the remainder a number consisting of the 
same digits, but in an inverted order. What number is 
this? 

Arts. If X = the digit which is in the place of units, 
f/ = that in the place of tens, 
z = that in the place of hundreds. 

The number is = 100 z + 10 y -f- j, 

and the required equations are 

y = J (x + 2) 

100z+10y + ^ =,48 
x + y + z 

1002 + lOy + x— 198= lOOx + lOy-fz. 
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12. A person goes to a tavern with a certain sam of 
money in his pocket, where he spends 2 shillings ; he then 
borrows as much money as he had left, and going to another 
tavern, he there spends 2 shillings also; then, borrowing 
again as much money as was left, he went to a third tavern, 
where likewise he spent 2 shillings, and borrowed as much 
as he had left ; and again spending 2 shillings at a fourth 
tavern, he then had nothing remaining. What had he at 
first? 

Ans, If X = the shillings he had at first, 

the required equation is 

8 X — 30 = 0. 

13. A person possessed a certain capital, which he placed 
out at a certain interest. Another person, who possessed 
$10 000 more than the first, and who put out his capital 
1 per cent, more advantageously than the first did, had an 
income greater by $800. A third person, who possessed 
$ 15 000 more than the first, and who put out his capital 2 
per cent, more advantageously than the first, had an income 
greater by f 1500. Required the capitals of the three per- 
sons, and the three rates of interest. 

Ans. If x = the capital of the first, 

y = his rate of interest per cent 

the required equations are 

lOOOOy + x-f 10000 



100 



800, 



15000y + 2x-l-30000 ,^^^ 
£_J ! = 1500 

100 

14. A person has three kinds of goods, which together 
cost $230^ The pound of each article costs as many 
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twenty-fourths of a dollar as there are pounds of that ar- 
ticle ; but he has one third more of the second kind than 
he has of the first, and ^ times as much of the third as he 
has of the second. How many pounds has he of each ar* 
tide ? 

Ans, If X 5= the number of pounds of the 1st, 

the required equation is 

A ** H- ifr «» + tf '^^ = 230 A. 

15. A person buys some pieces of cloth, at equal prices, 
for $60." Had he got 3 pieces more for the same sum^ each 
piece would have cost him $ 1 less. How many pieces did 
he buy? 

Ans, If X = the number of pieces bought, 

the required equation is 

60 _ 60 

16. Two drapers A and B cut, each< of them, a certain 
number of yards from a piece of cloth ; A however 3 yards 
less than B, and jointly receive for them 9 35. " At my 
own price,'' said A to B, **1 should have received $^ for 
your cloth." '*I must admit," answered the other, "that, at 
my low price, I should have received for your cloth no more 
than 9 l^i" How many yards did each sell? 

Solution, Let x = the number of yards sold by A; 

then z -|- 3 = the number sold by B, 

Now since A would have sold x -|- 3 yards for $24, 

24 

^'s price per yard = , ^ ; 

X "■+" o 

and since B would have sold x yards for $ 12^, 
. ^ jB*s price per yard = — = 5-. 
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Hence 

2ix 



the sum for which A sells x yards == 



X + 3* 



the Slim for which B sells i -f- 3 yards = — ^ ; 

ax 

and the required equation is 



24 X 



+ ^it=t-'-) = 35. 



X + 3 * 2 X 

17. Two travellers, A and jB, set out at the same time 
from two different places, C and D; A, from C to 1> ; and 
By from D to C When they met, it appeared that A had 
already gone 30 miles more than B ; and, according to the 
rate at which they are travelling, A calculates that he can 
reach the place 1> in '4 days, and that B can arrive at the 
place C in 9 days.. What is the distance between Cand Dl 

Ans. If, when they meet, 

x = the distance gone by A, 
then, X — 30 = the distance gone by B ; 

the whole distance = 2x — 30; 

and the required equation is 

4x _ 9 (x — 30) 
X — 30""^ X .' 

18. Some merchants jointly form a certain capital, in such 
a way that each contributes 10 times as many dollars as they 
are in number ; they trade with this capital, and gain as 
many dollars per cent, as exceed their number by 8. Their 
profit amounts to $288. How many were there of them? 

Ans. If X = the number of merchants, the required 
equation is 

^J^ x2 (x + 8) = 288. 
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19. Part of the property of a merchant is invested at such 
a rate of compound interest, that it doubles in a numl)er of 
years equal to twice the rate per cent. What is the rate of 
interest? 

Ans. If X =: the rate per cent., the. required equation is 



/100 + x\2x_ 



SECTION II. 
Reduction and Clasflification of Equations. 

T8. The portions of an equation, which are sepa- 
rated by the sign =, are called its members; the one 
at the left of the sign being called its first member, 
and the other its second member. 

79. Equations are divided into classes according to 
the form in which the unknown quantities are con- 
tained in them. , But before deciding to which class 
an equation belongs, it should be freed from fractions, 
from negative exponents, and ffom the radical signs 
which affect its unknown quantities; its members 
should, if possible, be reduced to a series of mono- 
mials, and the polynomials thus obtained should be 
reduced to their simplest forms. 

80. When the equation is thus reduced, it is said to 
be of the same degree as the number of dimensions of 
the unknown quantities in that term which contains 
the greater number of dimensions of the unknown 
quantities. 
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TraDscendental Equations ; Roots of Equations. 



Thus, X and y being the unknown quantities, the equa- 
tions 

a X -{- 6 = c, 

10x + y = 3, 
are of the^rs^ degree ; 

x2 + 3 X -t 1 = 5, 

ay = 11, 

are 'of the second degree, &c. 

81. But when an equation does not admit of being 
reduced to a series of monomials, or, when being so 
reduced, it contains terms in which the unknown 
quantities or their powers enter otherwise than as fac- 
tors, it is said to be tra?icendental ; and the consider- 
ation of such equations belongs to the higher branches 
of mathematics. 

Thus, a* = 6 

(x + a)y + * = c, 

are trancendental equations. 

82. An equation is said to be solved, when the 
values of its unknown quantities are obtained ; and 
these values are called the roots of the equation. 

83. The reduction and solution of all equations 
depends upon the self-evident proposition, that 

Both members of an equation may be increased, 
diminished, multiplied, or divided by the same quan- 
tity, without destroying the equality. 

84. Corollary. If all the terms of an equation have 
a comm^m factor, this factor m^ay be suppressed. 
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To free an Equation from Fractions. 



EXAMPLES. 

1. If the factor common to the terms of the eqaation 

a2a;B_|-3a3x2 = a^ x^ 

is suppressed, what is the resulting equation 1 

Ans. a;3 -f 3 a = 1. 

2. If the factor common to the terms of the equation 

is suppressed, what is the resulting equation? 

Ans, a -f- 3 a^ X = 1. 

85. Problem. To free an equation from fractions. 

Solution. Reduce y by arts. 49 and -50, all the terms 
of the equation to fractions having a common denomd- 
nator, and suppress the corrmion denominator^ prefix- 
ing to the numerators th& signs of their respective 
fractions. 

Demonstration. For suppressing the denominator of a 
fraction is the same as multiplying the fraction by its de- 
nominator; and, consequently, both the members of this 
equation are, by the preceding process, multiplied by the 
common denominator. 



EXAMPLES. 



1. Free the equation 



ac a — c 1 

bx*dx bdx X 
from fractions. 

Solution. This equation, when its terms are reduced to a 
common denominator, is 

ad be a — c bdhx hd 

bdx"^ bdx bdx bdx bdx' 
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So];>ppes6isig the common denominator, we have 

ad -{- b c — {a — c) = b dhx — bd, 
or ♦ 

ad '{' be — a '\- c == bdhx — bd* 

2. Free the equation 

3a — 5aj . 2a — x a -X- f 
= — L.i — dx 

a — c a a — c 

from fractions. 

Ans, dad — 5</a; -)-2a* — az — 2ac -{- ex =: ad'-{- 

df—ad^x + cd^x. 

3. Free the equation 

8x ^ 20 

— 6 = 



2 + 2 3a; 

from fractions. 

Anstf2^x^ — 18a:2 —36a; ==20a; + 40. 

4. Free the equation 

^ If^-f X _ 20 a: + 9 _ 65 

6(3— a;j'~ I9r^7« 4(3— a;] 
fromfractions. 

Ans. 684 ^ 214 X — 14 x2 =s 612 X — 324 — 240 x^ 
— 3705 + 1365 X. 

5. Free the equation 
x+y X— y_ I 1 1 



x — ff ^+y ^* — y «+> x2_y2 

from fractions. 
Ans, 

x2+2xy+y2_2;2+22y— y2 = z+y — x+y + I. 
6. Free the equation 

flX ^ flic + 6* 

from fractions. 

Ans. a^' — a*6* = a«6* + 6»*. 

'6 
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To free a Fraction from negative Exponente. 

86. CoroUary. If the given equation contains nega- 
tive exponents, it can be freed from them by arts. 57 
and 59. 



EXAMPLES. 

1. Free the equation 

—t- =r-i 

X TT-^ 

from fractions and negative exponents. 

Ans. 2^ -|- X = a;2 — 1, 

2. Free the equation 

a* -J- o"-* x« — 2r-« 
from fractions and negative exponents. 

87. Theorem. A term may be transposed from, one 
member of an equation to the other mem,ber, by merely 
reversing its sign ; that is, it maybe suppressed in 
one member and annexed to the other member with 
its sign reversed from + to — , or from — to +. 

Demonstratioiu For suppressing it in the member in which 
it at first occurs is the same as subtracting it from that mem- 
ber; and annexing it to the other member with its sign 
reversed is, by art. 24, subtracting it from the other mem- 
ber ; and, therefore, by art. 83, the equality is preserved. 

88. Corollary. All the terms of an equation may be 
transposed to either member, leaving zero in the other 
member; and the polynomial thus formed m/xy be 
reduced to its simplest form, by arts. 20 and 84. 
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BXAMFLES. 

1. Reduce the equatioa 

^^^1 "■ « + 1 x^ — l 

to hs simplest form in a series of monomials. - 

Solution, This equation, freed from fractions by art. 85, is 

which becomes, by the transposition of its terms and by the 
redaction of art. 20, 

and, by striking out the factbr x», 

12X-I-11 =0. 

2. .Reduce the equation 

z^ +1 X — 1 ___M-_1 

x2 _ 1 {x+iy ^ X — l 

to its simplest form in a series of monomials. * ^ 

Ans. 2x2 -f 1 = 0. 

3. Reduce the equation 

ax^ -\-bX'\-c ax^ — bx — c 
x2 + 1 ^ x2 — 1 

to its simplest form. 

Ans. 6x -|- c — a = 0. 

4. Reduce the equation 
to its simplest form. 
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* 

SECTION III. 
Solution of Equations of the First Degree, with one unknown quantity. 

89. Theorem, Every equation of the first degree^ 

with one unknown quantity, can be reduced to the 

form, 

Ax + B = Qi 

in which A and B denote any known quantities, whether 
positive or negative, and x is the uriknown quantity. 

Demonstration. When an equation of the first degree 
with one unknown quantity is reduced, as in art. 88, Its first 
member is composjed of two classes of terms, one of which 
contains the unknown quantity, and the other does not. 
If the unknown quantity, which we may suppose to be x, is 
taken out as a factor from the terms in which it is contained, 
and its multiplier represented by A, the aggregate of the first 
class of terms is represented by A x; and the aggi'egate of 
the terms of the second class may be represented by jB; 
whence the equation is represented by 

^ x + J3 = Ov 

90. Problem. To solve an equation of the first (fe- 
gree with one unknown quantity. 

Solution, Having reduced the given equation to the form 

Ax + B = 0, 

transpose B to the second member by art. 87, and we have 

Ax = — B. 

Dividing both members of this equation by A, gives 

B 

Hence, to solve an equation of the first degree^ reduce 
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itj as in art. 88, transposing its known terms to the 
second member, and all its unknown terms to the first 
member ; and the value of the unknown quantity is 
equal to the qu^otient arising from the division of the 
second member by the multiplier of the unknown 
qtmntity in the first member. 

91. Corollary. When A and B are both positive or 
both negative, the value of x is, by art. 30, negative ,* 
but when A and B are unlike in their signs, one posi- 
tive and the other negative, x is positive. 

92. Corollary. When we have 

B = 0, 

the value of a; is . 

X = r = 0. 

A 

93. Corollary. When we have 

il = 0, 

the value of x is 

B 

* = --o' 

But the smaller a divisor is^ the oflener must it be contain- 
ed in the dividend, that is, the larger must the quotient be ; 
and when the divisor is zero, it must be contained an infi- 
nite number of times in the dividend, or the quotient must be 
infinite. Infinity is represented' by the sign qd. We have, 
then, in this case, 

2 = OD. 

The given equation is, however, in this case, 

X X + B = 0, 
6* 
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. which reduces itself to 

B = 0, 
an ob?ious absurdity, trnless B is zero. 

The sign od is, therefore, ra^ther to be regarded as 
the expression of the peculiar species of absurdity 
which arises from diminishing the denominator of a 
fraction till it becomes zero. 

94. Corollary. When we have 

4 = 0, and£ =0, 
the value of ^c is 

- ?-_^ 

which is equal to any quantity whatever, and is called 
an indeterminate expression. 

The given equation is, indeed, in this ease 

« 

X :r -f = 0, 

an equation which is satisfied by any value whatever 
of ATj^and is called an identical equation, 

, EXAMPLES. 

1. Solve the equation 

8x — 6 = 13 — Tx. 

2. Solve the equation 

Z X X 3! 

Ans. X =: 116^. 



V^'^ 
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3. Solve the equation 

ax-j- c = 6aj tJ- e?. 

d — c 

Ans, X = -. 

a — o 

4. Soke the eqaation 



e?a; ' d 



d 
Ans, X =.-. 
c 

5. Solve the equation 

c X™ fx"^ 

a-^-hx d -\- ex' 

. cd — af af — cd 

bj — ce c « — hj 

6. Solve the equation 

^ahc a^b^ { 2a + b)b^x __ bx 

a + 6+ (a+6)3"'" a{a + b)2 — ^^^+^- 

Ans, X = 



M+b 

7. Two capitalists calculate their fortunes, and it appears 
that one is twice as rich as the other, and that together they 
possess 9 38 700. What is the capital of each? 

^725. The one has $ 12900, the other $25800. 

8. To find two such numbers, that the one may be m 

times as great as the other, and that their sum = a. 

, a . ma 

. Ans, — r— r and 



w -f- 1 m-^-l 

9. The sum of $ 1200 is to be divided between two per* 
sons, A and B, so that ^'s share is to B*a as 2 to 7. How 
much does each receive? 

Ans. A $266f, B $933|. 
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Equfttions of the First Degree with one unknown quantity. 

10. To divide a number a into two such parts, that the 

first part is to the second as m to n, 

. ma , na 

Ans, — ; — and 



11. How much money have I, when the 4th and 5th parts 
of it amount together to $2,25? 

Ans. S5. 

12. Find a number such, that when it is divided succes- 
sively by m and by n, the sura of the quotients = a. 

. mna 

Ans, — i — . 

13. Divide the number 46 into two parts, so that when the 
one is divided by 7, and the other by Z, the sum of the quo- 
tients = 10. 

Ans. 28 and 18. 

14. 'All my journeyings taken together, says a traveller, 
amount to 3040 miles ; of which I have travelled 3j- times as 
much by water as on horseback, and 2^ times as miich on 
foot as by water. How many miles did he travel in each 

• of these three ways? 

Ans, 240 miles on horseback, 840 miles by water, 
and 1060 miles on foot. 

15. Divide the number a into three siich parts, that the 

second may be m times, and the third n times as great as the 

first. 

. . a ma na 

l-j-ffi-^n' l-^m-f^n' 1-j-m-^n' 

16. A bankrupt leaves $21 000 to be divided among four 
creditors A, B, C, D, in proportion to their claims. Now 
A*B claim is to jB's as 2 : 3 ; JB's claim : C's = 4:5; and 
Cb claim : D'a = 6:7. How much does each creditor 
receive ? 

Ans. A $3200, B $4800, C $6000, D $7000. 
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17. Divide the number a into three si»^h parts, that the 
Ist shall be to the 2d as m to n > and the 2d part : the 3d = 

" »ijp€i wp a nq a 

tnp-\-np'\'nq^ mp^np^tiq* mp-\-np-^nq' 

18. There are two numbers whose sum is 96, and differ- 
ence 16 j what are they ? Ans, 56 and 40. 

19. A father gives to. his five sons $1000, which they are 
to divide according to their ages, so that each elder son shall 
receive ^20 more than his next younger brother. What is 
the share of the youngest? Ans, $160. 

20. One has six sons, each whereof is 4 years older than 
his next younger brother ; and the eldest is three times as 
old as the youngest. What is the age of the eldest ? 

Ans. 30 years. 

21. There is a certain fish whose head is 9 inches; 
the tail is as long as the head and half the' back ; and the 
back is as long as both the head and the tail together. 
What is the length of the fish ? Ans. 72 inches. 

22. Five gamesters have lost jointly $40f ; B's loss 
amounts to ^ dollar more than triple ^'s; Cs loss is $2 less 
than twice JB's ; D lost ^ dollar less than A and B together ; 
and E twice as much as B less ^ dollar. How much did 
each of them lose ? 

Ans. A $2, B $6^, C $11, D $8^, E $12J. 

23. A mason, 12 journeymen, and 4 assistants, receive 
together $72 wages for a certain time. The mason receives 
$1 daily, each journeyman j- dollar, and each assistant 
J dollar. How many days must they have worled for this 
money? Ans. 9 days. 

24. Find a number such that if yoa multiply it by 5, sub- 
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£quatioD9 of the First Degree with one unknown quantity. 

tract 24 from the prodact, dlyide the remainder bj 6, and 
add 13 to the quotient, you will obtain this number. 

Ans. 54. 

25. A courier left this place n days ago, and makes a 

miles daily. He is pursued iiy another making b miles 

daifly. In how many days will the second overtake the 

first ? . na . 

Ans. -= days. 

26. A courier started from a certain place 12 days ago, 
and i;3 pursued by another, whose speed is to that of the first 
as 8 : 3. In how many days will the second overtake the 
first ? Ans, H days. 

27. A courier started from this place n days ago, and is 

pursued by another whose speed is to that of the first as q is 

tojp. In how many days will the second overtake the first? 

n a 'h.P 
Ans. ^ — . — f 

P — 9 ^ '/> 

28. Two bodies move in opposite directions ; one moves c 
feet in a second, the other C feet. The two places, from 
which they start at the same time, are distant a feet from 
one another. When will they meet ? 

Ans. In -pT-i — seconds. 
C -f- c 

29. Two bodies move in the same direction from two 
places at a distance of a feet apart ; the one at the rate of c 
feet in a second, the other pursuing it at the rate of C feet 
in a second. When will they meet? 

Ans. In -— seconds. 

C— c 

30. At 12 o'clock, both hands of a clock are together. 
' When and how often will these hands be together in the 

next 12 hours? 
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y^'. -. , Ans, At 5^ minutes past 1, 

> at lOjr^ minutes past ^, 

at 16^ minutes past 3, 

/ ' and so on, iii each suc- 

^' cessive hour, 5^ min- 

^. /, utes later. 

31. Two bodies move afler one another in the circumfer- 
ence of a circle, which measures p feet. At first they are 
distant from each other . by an arc measuring a feet ; the 
first moves c feet, the second C feet, in a second. When 
will those two bodies meet for the first time, second time, 
and so on, supposing that they do not disturb each other's 
motion ? 

Ans. In , t^ \ i^"^^ ^^c. seconds. 

C -^ c C — c C — c 

32. When will they meet, if the first begins to move t 

seconds sooner than the second ? 

. - a4-ct D4-a + c* 2p4-a4-ct _ _' 

Ans, In -— -! , ^— ^= ■ , -^ ' — , &c. seconds. 

C — c C — c C — c 

s 
/ 

33. But when will they meet, if the first begins to move 

t seconds later than the second ? 

^ a — et pA-a — ct 2pA-a — ct „ , 

Ans, In -p- , ^—^ , -—TT , &c. seconds. 

C — c C — c C — c 

34. When will they meet, if the first, instead of running 
in the same direction with the second, runs in the opposite 
direction, and starts at the same time ? 

a P + « 2» + <2 Sp-\-a _ 

^"*- ^° -c + 7' cT"c' -c+T- -c+7' ^''- '^'^^ 

35. When will they meet, if, moving gj^ an opposite di- 
rection to the second, the first starts t seconds sooner than 
the second ? 

_ a — ct p 4- a — ct 2p-\-a — ct ^ . 
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• ^_^_^ _^ 

Equations of the First Degree with one uokiAwn quantity. 

36. But when will they me^, if, moving in an opposite 

direction to the second^ the first starts t seconds latef than 

the second ? • 

a'\'Ct p-^-a-^-ct 2p-\'a4-ct . , 

Am. In -— -^- — , -- ' , , ' , - — , «pc. seconds. 

C 4~ c C -f- c C -f-c 

37. A wine merchant has two kinds of wine; the one 
costs 9 shillings per gallon, the other 5. He wishes to mix 
both wines together, in such quantities, that he may have 50 
gallons, and each gallon, without profit or loss, may be sold 
for 8 shillings. How must he mix them ? 

Ans, 37^ gallons of the wine at 9 shillings, with 
12^ gallons of that at 5 shillings, i 

36. A wine merchant has two kinds of wine; the one 
costs a shillings per gallon, the other h shillings. How must 
he mix both these wines together, in order to have n gallons, 
at a price of c shillings per gallon ? 

-4745. ^ -T— gallons of the wine at 6 shillings, 

and ' J-— gallons of that at a shillings. 

39. To divide the number a into two such parts, that, if 
the first be multiplied by m and the second by ?i, the sum of 
the products is 6. 

6 — na , ma — b 

Ans. and . 

m — n m — n 

40. One of my acquaintances is now 30, his elder brother 
20 ; and consequently 3:2 is the ratio of his age to his 
brother's. In how many years will their ages be as 5 : 4 ? 

Ans, In 20 years. 

41. What two mimbers are those^ whose ratio = a:6; 

but, if c is added to both of them the resulting ratio = m : w. 

acim — «) - bcim — n) 

Ans. — ^ — ' and — ^ ; — ~. 

an — bm an — bm 



I 
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Equations of the First Degree with one unknown quantity. 

42. Fiod a number a«ch thai 5 ttflUM the number ia as 

■ 

much above 20, as th» aumbor ilself is below 20. 

Ans. 6f . 

, 43. A person wished to buy a house, and in order to raise- 
the requisite capital, he draws the same sum from each of 
his debtors. He tried, whether, if he obtained $250 from 
each, it would be sufficient for the purpose ; he found, how- 
ever, that he would then still lack f 2006. He tried it, there- 
fore with $^0; but this gave him $^880 more than he re- 
quired. How many debtors had he 1 Arts, 32. 

44. A father leaves a number of children, and a certain 
SQiD, which they are to divide amongst them as follows :' 
The first is to receive $100, and the^ the 10th part of the 
remainder; after this, the second has $200, and the 10th 
part of the remainder ; again, the third rieceives $300, and 
the 10th part of the remainder ; and so on, each succeeding 
child is to receive $100 more than the one preceding, and 
then the 10th part of that which stilly remains. But it is 
£>und that all the children have received th^ same sum. What 
was the 'fortune left? and what was the number of children? 

Ans. The ibrtune was $8100, 

and the number of children 9. 

45.^ Divide the number 10 into two ^ch parts,, that the 
difference of their squares may be 20. Ans, 6 and 4. 

46. Divide the number a into two such parts, that the 
difference of their squares may be ^. 

Ans^ — -— ' — and --rr . 

.2 a 2 a 

ft 

47. What two: numbers are they whose difference is 5, 
and the difference of whose squares is 45 ? 

Ans. 7 and 2. 

7 
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Examplea of unknown quantity equal to Zero. 



48. What two numbers i^re they whose difference is a/ 

and the difference of whose squares is M 

b — a^ ^ b + a^ 

Ans* — rr and — ^^ . 

2a 2a 

96. Corollary. When the solution of a problem gives 
zero for the value oT either of the unknown quan- 
tities ; this value is sometimes a true solution ] and 
sometimes it indicates an impossibility in the propo* 
sed question. In any such case, therefore, it is neces- 
sary to return to the data of the problem and investi- 
gate the signification of this result. 



EXAMPLES. 

1. In what cases would the value of the unknown quantity 
in example 25 of art. 94 become zero? and what would this 
value signify ? Ans. When n = 0, 

or when a = 0; 

and, in either case, this value signifies that the 
couriers are together at the outset; and zero 
must, therefore, be regarded as a real solution. 

2. In what cases would the value of the unknown quantity 
in example 35 of art. 94 become zero 1 and what would this 
value signify ? 

M «.ri a P -4- « 2p + a « 

Ans. When / = -, or = ^—^ — , or = — ^— ^ — , &c. 

c c c 

and either of these equations signifies that the 

bodies are together when thKi^^econd body starts, 

the first body having just arrived at the point of 

departure' of the second, and zero is, therefore, 

to be regarded as a real solution. 
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____ — , — . I. . . .1 I .1, . 1 ,, , 

' 3. In what cases would the value of one of the unknown 
quantities in example 38 of art. '94 become zero? and what/ 
would thist jalue signify ? § 

Ans. When, either 

a = c, or 6= c ; 
and, in either case, these equations indicate that 
the price of one of the wines is just that of the 
required mixture, and, of course, seeds none of 
the other wine added to it to make it of the re- 
quired value; and zero must, therefore, be re- 
garded as a true solution. 

4. In what cases would the value of one of the unknown 
quantities in example 39 of art. 94 become zero? and what 
would this value signify ? Ans. When 

b =: na, or = ma; 
and these equations indicate that a is itself such 
that, multiplied either by m or by n, it gives a pro- 
duct = b ; and zero may be regarded as a true 
solution, expressing that one of the parts is zero, 
while the other is the number a itself. 

5. In what cases would the value of one of the unknown 
quantities in example 41 of art. 94 become zero? and what 
would this value signify ? 

Ans, First, When a = 0, or 6 = 0, 
and, in this case, zero is a true solution by re- 
.garding all numbers as having the same ratio to 
zero. 

Secondly, When c = 0, 
and, in this ca$e, the problem is impossible, for 1 ^ 
the ratio of no two numbers can be equal to ^ * 
each of the unequal ratios a : 6 and m : n. 

Thirdly, When to = n, 
and, in this case, the problem is impossible, for 
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Cases io wfaich the T«lue of an. wakoown quantity h infinite. 

no two BUfiobeis, wfaoae rtttio sr €t : by and which - 
^ ( are therefoce' unequal, can, by the addttiea of 
* I c to each of them, become equal to «ach other, 

as required by the ratio m : Jt.= » : m = 1. 

96» Wbea the solntion of a problem gives, for the 
values oi one of its unknown quantities, any fractions, 
the denominators of which are zero, while the nume- 
rators are not zero ; such values are, generally, to be 
regarded as indicating an absurdity in the enunciation 
of the problem. 



EXAMPLES* 

1. In what case does the denominator of the fractional 
▼alu6 of the unknown quantity in example 25 of art. 94 be- 
come zero ? and what is the corresponding absurdity in the 
enunciation of the problem ? 

Ans» When a =z h^ r 

and the absurdity is that, while the couriers are 
travelling at the same rate, it is required to de- 
termine the time in which one will overtake the 
other. 

2. In what case do the denominators of the fractional 
values of the unknown quantity in example 38 of art. 94 
become zero? and what is the corresponding absurdity in 
the enunciation of the problem ? 

i Arts, When a = 6» 

\ T and the absurdity is that, while both the wines 
« ) are of the same value, they should give a mix- 
ture of a value different from their common 
value. 
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3. In what case would the deoomioatora of the fractional 
values of the unknown quantitieft in example 41 of art. 94 
become zeto? and what is the covresponding absurdity of 
the enunciation 1 

Ans* When an =^b m, 
that is, when a : b =m : n; 
and the absurdity is, that the ratio of two num- 
bers should not be changed by increasing them 
both by the same quantity. 

4. In what case would the denominators of the frac- 
tional values of the unknown quantities in example 48 of 
art. 94 become zero? and what is the corresponding absur- 
dity of the enunciation ? 

Ans. When a z= 0, 
and the absurdity is, that the squares of two 
equal numbers should differ. 

97. Corollary. When the solution of a problem 
gives for the value of either of its unknown quanti- 
ties a fraction whose terms are each equal to zero, 
this value getlerally indicates that the conditions of 
the problem are not sufficient to determine this un- 
known quantity, and that it may have any value 
whatever. In some cases, however, there are Ihnita- 
tions to the change of .value of the unknown quan- 
tity. 

SXAMPIiES. 

1. In what case would both the terms of the fractional value 
of the unknown quantity in example 35 of art. 94 become 
zero? and how could this value be a solution? 

.• ' 7* 
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Gams in which the valuo of an imiEiiowtt qmntity St tnitetenDinate. 

■ I ■ ■■ ■ — — ■ ■ , . . ... 

. and II :3» ; 
and tbecie equaikms sigaify^ that the oonriera 
travel equally fast, and start at the same tinie; 
and, therefore,, tl^fsy refnaiii togiethcr, and any 
number whatever may be tal^en as the value of 
the unknown quantity. 

2. In wtiat case would both the terms of erth^ of the 
fractional values of the unkftown quantity in example 31 
of art. 94 become zerot and how could this value be a so- 
lution ? 

Ans. When « =;= a, 

and C = c ; ' 
and these equations signify^ that the bodies move 
equally fast, and start, from the same place ; they^ 
therefore,^ remain together, and any number 
whatever may be taken as the value of the un- 
known quantity. 

But, in this case, all the algiebraic values of 
the unknown quantity but the first become infi- 
nite, as they should, because they are obtained 
on the supposition that the second body has 
passed round the circle once, twice, &c. oftener 
than the first body ; which is here impossible. 

3. In what case would all the terms of the fractional values 

of the unknown quantities in example 38 of art. 94" become 

zero? and how could they, then, satisfy the conditions of the 

problem ? 

Ans. Whem a = 6 = c ; 

and these equations signify, that the wines and 

the mixture are all of the sanle value ; in what- 

evfer proportion, therefor^, the wines are mixed 

together^ the mixture must be of the required 
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Cases in whlcbthe value of an unknown qaantiey is indeterminate. 



value. But t^eTi^ues of the unknQwn quanti- 
ties are ^tUl subject to tlie limitation that their 
Bum is n. 

4. In what case would the terms of the fractional values 
of the unknown quantities in (example 39 of art. 94 become 
zero? and how could they, then, satisfy the conditions of 
the problem 7 

Ans, When i» = it, 
and b=zna = ma; 
^ and these equations signify, that the sum b of the 
products of the parts of a multiplied by m == n 
is to be equal to the product of a multiplied by 
n ; and this is, evidently, the case- into whatever 
parts a is divided. 

6. In what cases would all the terms of the fractional 
values of the unknown quantities in example 41 of art. 94 
become zero? and how could they, then, satisfy the con- 
ditloDS of the problem ? 

Ans, First, When a : 5 == m : n, 

and c = 0; 
for these equations indicate that the two re-^ 
quired numbers are only subject to the condition 
that their ratio = a : 5. 

Secondly, When i» c= n, 
- and a \h :=^ m : n =. m \ m ^=i I i 
that is, a z=z b\ 
for these equations indicate that the two num- 
bers are to be equal ; and that they are to rea^ain 
equal, when they are increased by c, which would 
always be the case. 

6. In what case would ^1 the tei;ms. of the fractional 
values of the unknown quantities in exfkipple 48 of , 9jct 94 
become zero? and how could these values be solutions?. 
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Casef of negative value of unknown quantity. 

\ 

Ams. When a =s 0. 
and h = 0; 
and their equations indicate that the nombera 
are to be equal, and that their squares are to be 
equal, which is always the case with equal num* 
hers. 

98. Corollary. When the solution of a problem 
gives a negative value to either of the unknown 
, quantities, this value is not generally a true solution 
of the problem ; and if the solution gives no other 
than negative values for this quantity, the problem is 
generally impossible. 

But, in this case, the negative of the negative value 
of the unknown quantity is positive; so that the 
enunciation of the problem can often be corrected by 
changing it, so that this unknown quantity may be 
added instead of being subtracted, and the reverse* 

EXAMPLES. 

1. In what case would the value of the unknown quan- 
tity in example 25 of art. 94 be negative ? why should it be 
so ? and could the enunciation be corrected for this case ? 

Ans. When a > 6 ; 
that is, when the second courier goes slower 
than the one he is pursuing, in which case he 
evidently cannot overtake him ; lind the enun- 
ciation does not, in this case, admit of a legiti- 
mate correction. 

2. In what case would the values of the unknown quan- 
tities in examples 29, 31, 32 l>e negative? why should this 
be 80? and could the enunciations be corrected for this 
case? 
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Cases of negative vrflue of unknown quantity. 



Ans. When e > C; 
that is, when the first body moves f^tster than the 
second, in which case the second cannot over- 
take it. V 

The enunciation may be corrected for this 
case by supposing the bodies lo travel in the 
opposite direction to that which they are at 
present taking, that is, by supposing the first 
body to pursue the second. 

Examples 9L1 and dS are not, however, impos- 
sible in this case; for, from the very nattire of 
their circular motion, the first body is necessarily 
pursuing the second even in their present di- 
rection ; the second body must not, however, be 
considered as a feet or a -f- e f feet behind the 
first, but as jp -^ a or p — (a-^ct) feet before 
it. 

3. In what cases would the values of the unknown quan- 
tity in example 33 of art 94 be negative ? why should this 
be the case? and could the enunciation be corrected for this 
case ? 

Ans, IHrst, When C <c^c, 
which is subject to the same remarks as ia the 
preceding question. 

Secondly. When C^ c, 
and ct'> a, or >. p -|- a, or > 2 p -|- a, &c. ; 
that is, when the first body does not start until 
the second body has passed it once, or twice, 
or three times, &c. ; and iT the bodies were 
moving in the same straight line, the enunciation 
would not admit of legitimate correction. As it 
is, however, the first body is still pursued by the 
second, and ia p-\- a — ct, 2p-\- a — c /,&c. 
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* 
Cases of negative value of unknown quantity. 

feet before the secoody when it starts ; so that 
all the values given for the unknown quantity 
are correct, except the negative oiies. 

4. In what aases would the values of the utiknown quan- 
tity in example 35 of art. 94 be negative? why should this 
be the case ? and could the enunciation be corrected for this 

case? 

Ans. When 

cf>a, or >p-|-a, or >2p + ^>^^*5 
that is, when the first body has passed the second 
once, twice, d^c. before the second begins to 
move. 

If the bodies were moving in the same straight 
line, the second body would be obliged to change 
its direction, and move in the same direction with 
the first, and even with this change of enuncia- 
tion the problem is impossible, if the second body 
moves slower than the first. 

But as it is, the bodies are still moving towards 

» each other in the circumference of the circle ; 

their distance apart at the instant when the second 
body starts being p-^a — ct, or 2 p-^- a — ct 
&c. feet ; so that all the positive values of the 

I unknown quantity are true solutions. 

» 5. In what cases would the values of either of the nn- 

^ known quantities in example 38 of art. 94 be negative ? why 

should this be the case ? and could the enunciation be cor- 
rected for this case ? 

Ans» If we suppose, as we evidently may, that 
^ o> b; 

one of the values is negative, 

First, When a <,c; 
that is, when the price of the most expensive 
wine is less than that of the required mixture. 
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Secondly^ When 6 > c ; 
that 18, when the price of the least expensive 
wine is more than that of the mixture. 

In either case the problem is altogether impos-* 
sible, for two wines cannot be mixed together so 
as to produce a wine more valuable than either 
of them without a gain, or less valuable than 
either of them, without a loss. 

6. In what cases would the valcfi^ of either of the unknown 
quantities in example 39 of art. 94 be negative ? why should 
this be so ? and could the enunciation be corrected for this 
case? 

* Ans, Supposing, as we may, that 

»i > h J 
First, When « a > 6, 
that, is, when the sum 6 of the products is less 
thftn the product oS'a by the least of the num- 
bers m and n. ' 

Secondly. When m a < 6 ; 
that is, when the sum h of the products is greater 
than the product of a by the greater of the num- 
bers m and n. 

In either of these cases, the problem is plainly 
impossible; and, in the corrected enunciation, 
a should be the difference of the, required num- 
, bers, and 6 the difference of the products ob- 
tained from multiplying one of the numbers by. 
m and the other by n. 

7. In what cases would the values of the unknown quan- 
tities in example 41 of art. 94 be negative? why should this 
be so? and could. the enunciation be corrected for this case? 

Ans, First, When w > », 
and an<ihm^ or a : 6 < m : it ; 
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Cases of negative, value of unlcnown quantity. 

that is, when the first ratio is less than the sec- 
. ond, and the second is greater than unity. 
Secondly. When m < n, 
and a : 6 > m : M ; 
that is, when the second ratio is less than the 
first, and also less than unity. 

In either case the problem is impossible, and 
c is to be subtracted instead of being added in 
the corrected enunciation. 

8. In what case would the value of one of the unknown 
quantities in example 46 of art. 94 be negative f wh}^ should 
this be so? and could the enunciation be corrected for this 
ca^e 1 

Arts. When 6 > a^ ; 
that is, when the difference of the squares of the 
parts of a is to be less than the square of the 
number itself, which can never be the case ; for 
the greatest possible difference of squares cor- 
responds to the case in which one of the parts 
is the number a itself, and the other is zero ; 
and the difference of the squares is then just 
equal to the square of c. 

The enunciation is corrected for this case by 
6tattng it as in example 48. 

99. Corollary, It follows from example 7 of the 
preceding section that a fraction or ratio, which is 
greater than unity, is increased by diminishing both 
its terixis by the same quatitity; and a fraction or 
ratio, which is less than unity,- is diminished by di- 
minishing both its terms by the same quantity ; but 
the reverse is the case, when the terms are increased 
instead of being diminished. 
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One Equation with several onknowa quaatiffies. 



EqaatioQs of the First Degree contaiDing two or more unknowo 

quantities. 

100. In the solution of complicated problems in- 
volving several equations, it is often found convenient 
to use the same letter tp denote similar quantities, 
accents or numbers being placed to its right or left^ 
above or below, so as to distinguish its different values. 

Thus, a, a') a", a"\ a»^ , . .-. ^o<°), &c. 
a<^) , a(«) ,' a(?) , a(4) , . , . . a(«^ &c. 
a , a. a, a, •••..a, d^c. 

% "a; '"a, ^^a, ..... »a, &»c. 

*tf, ^tf, *a, *fl, »a, &c. 

!«, gfl, gtt, ^a, . . . . ; ^a, &c. 

«2' '^' i«3' 2«^ ?«' • • • y:^^ ^^' 
may all be used to denote differeot quantities, though they 
generally are supposed to impiy some similarity between the 
quantities which they represent. Care must be taken not to 
confound the accents and the numbers in parentheses at the 
right with exponents. 



101. Problem, To solve an equation with several 
unknown quantities. 

Solution, Solve the given equation precisely as if 
all its unknown quantities were known, except any 
one of them which fnay be chosen at pleasure ; and 
in the value of this unknown quantity, which is thus 
obtained in terms of the other unknown quantities, 
any values whatever may be substituted for the other 

8 
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Indetenniittte EquAtkiQft referred to th« theory of Numbers. 
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unknown qtMntitieSj and the -corresponding value of 
the chosen unknown quantity is thus obtained. 

m 

102. Corollary. An equation which contains sev- 
eral unknown quantities! is not, therefore, sufSpient to 
determine their values, and is called indeterminate. 

103. Schotium. The roots of an indeterminate 
equation are sometimes . subject to conditions which 
cannot be expressed by equations, and which linait 
their values ,* such, for instance, as that they are to 
be whole numbers. But their investigation depends, 
in such c^ses, upon the particular properties of differ- 
ent numbers^ and belongs, therefore, ta the Theory 
of Numbers. ^ 

104. Theorem. Bvery equation of the first degree 
can be reduced to the form 

Ax + By + Cz + &C. + M = 0; 

in which A, B, C,'i^c. and M are known quantities^ 
either positive or negative, an4 x, y, z, ^c. are the 
unknown quantities. 

* Demonstration. When an equation of the first degree is 
reduced, as in art. 88, the aggregate of all its known terms 
may be denoted by M, Each of the other terms must have 
one of the unknown quantities as a factor, and, by art. 80, 
only one of them, and that one taken bdt t>Qce as a factor. 
Taking out, then, each unknown quantity as a factor from 
the terms in which it occurs, and representing its multiplier 
by some letter, as A, B, C, dz>c., the corresponding unknown 
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quantities being represented by x^ y, 2, &«,, the equation 
becomes 

106. Problem, To solveany equatum of the firsH 
degree. 

Solution. Having reduced the equation to the form 

ilx + JBy-f-Cz + diC. + JI='0, 

find, as in art 101, the ralue of either of the unknown 
quantities, as x for instance, which, is, by art. 90, 

— JBy— O2 — &c M 

and any quantities at pleasure may be substituted for y, 
z, &,c. 

106. Problem. To solve several equations with sev* 
eral unknown quantities. 

First Method of Solution called that of EUminaHon 
by Substitution. Find the value of either of the unr 
kno\on quantities in one of the equatiorfs in which it 
occurs, and substitute its value thus found, which is 
generally in terms of the other unknown quantitie^i^ 
in all the other equations in which it occurs. 

The new eqttatiotis thus formed, together with those 
in which this unknown quantity does not occur, are 
one less in number than the given equations, and 
contain one unknown quantity less, and may, by a 
succession of similar eliminations be"^^ still farther re- 
duced in nufnber and in the number of their unknown 
quantities, until only one equation is finally obtained; 
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SolutioD of EquttioDs. fHimination by Substitution. 
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and the solution of all the given equations is ihtis 
reduced to that of one equation. 

107. Corollary. When there are just as many equa- 
tions as unknown quantities, the final equation of the 
preceding solution will, in general, contain but one 
unknown quantity, the value of which maybe thence 
obtained ; and this value, being substituted in. the 
values of the other quantities, will lead to the deter- 
mination of the values of all the unknown quan- 
tities. 

108. Corollary. When the number of unknown 
quantities is more than that of the given equations, 
the final equation will contain several unknown quan- 
tities, and will therefore be indeterminate ; s6 that 
a problem is indeterminate^ which gives fewer equa- 
tions than unknown qiiantities. 

109. Corollary. When the number of upknown 
quantities is less than that of the given equations, 
only as man3r'of the given equations are required to 
determine the values of the unknown quantities as 
there are unknown quantities ; and the problem is 
therefore impossible, when the values of the unknown 
quantities determined from the requisite equation!^ do 

not satisfy the remaining eqtiatious. 

# 

110. Problem. To solve two eqtuitioiis of the first 
degree with two unknown quantities. 

Solution. Suppose, as id art. 104, the given equations to 
be reduced to tHe forms 
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Case in which the roots of two Equations are Zero. 

4a 4. JBy 4. Jf 3= 0, 

in which x and y are the unknown qaantities. 

The ?alue of x, obtained from the first of these eqaa- 
tions, IS 

— Bjf^M 
A ' 

which, sabstituted in the second equation, gi?e» 

J h S'y + ^ = 0. 

The value of y is found from this equation, by art. 90, 
to be 

AM— AM' 
^ AB' — A'B' 

which, substituted in the above value of z, gives 

BM' — B' M. 
^~ AB' —A'B' 

111. Corollary. The value of or, obtained by the 
preceding solution, woald be zero, if we had 

BM' ^ B' M. 

But, in this case, if the first of the given equations is 
multipfied by B', and the second by B, these products be- 
come, by transposition and substitution, 

AB'x=: — BB'y — BM, 

A'Bx:=^ — BB'y — BM'^ — BBy — BM\ 

whence 

AB'x =:A'Bx; 

thai is, the given equations involve the condition that two 

^ 8* . 
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*■ 
Case in which the roots of two £quatioDs are infinite and indeterminate. 

different multiples of x are equal. Bat^this i^ impoiHBibley 
unless 

x = 0. 

The value of y would, likewise, be zero, if we had 

A'M=AM', 

which leads to similar conclusions with regard to y as those 
just obtained with regard to x. 

« 

112* Corollary, The denominators of the values 
of both the unknown quantities viTould be zero, if we 
had 

AB' = A'B. 

But, in this case, if the first of the given equations is 
multiplied by B' and the second by £, these products be- 
come, by transposition and substitution, 

AB'x+BB'!f=:^B'M, 
A'Bx^BB'!f=AB'X'\^BB'y=:BM'; 

whence, we must have 

B'M=zBM'\ 

that is, they involve the impossibility that the two unequal 
quanties B' M and B M' are equal. 

113. Corollary i Both the terms of the fractional 
value o£ x would be zero, if we had 

BM' = B' M, and AB' = A'B. 

But, in this case, if the first of the given equations is 
multiplied by B' and the second by B, the products become, 
by substitution, 

AB'X'\^BB'y'\'B'M=0, 

A'Bx+BB'y+BM' = AB*x+BB y+B'M =zOi 
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Equations of the First Degree. 

that is, the two given equations are equivalent to but one, 
and are, as in art. 108, indeterminate. 

The product of the two equations 

JB Jf* = B'M, and AB' = AB, 
is AB B'M' = *A'B B if,' 

which, divided by BB', is 

AM' = A'M, 
so that both the terms of the value of y would also be zero. 



EXAMPLES. 

1. Solve the two equations 

3x-f.2y =;= 118, 

An$ X = 16, y = 35. 

2. Solve the two equations 

3 2 - '• . 

Ans, X = 12, y = 6. 

3. Solve the two equations 

7 + x 2x — y 



5 4 



= 3y — 6, 



2^6 

Ans, X == 3, y = 2. 
4. Solve the two equations 

ax = by, 

X '\-y = c. 

. be a e 

Ans. X = — J— 7, y = — j--. 
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Equations of the First Degree solved by £Uminatio& by Substitution. 

« 

5. A says to B^ ' give me $100, and I shall ha?e as much 
as jou.' ' No/ says ^ to il, ' give me rather $100, and then 
I shall have twice as much as yoa.' How many dollars has 
each? Ans. A $500, and B $700. 

6. Said a man to his father, ' how old are we ? ' ' Six 
years ago/ answered the latter, ' 1 was one third more than 
three times as old as you ; but three years hence, I shall be 
obliged to multiply your age by 2^ in order to obtain mj 
own.*' What is the age of each ? 

Ans. The father 36, the son 15 years. 

7. A cistern containing 210 buckets, may be filled by 2 
pipes. By an experiment, in which the first was open 4, 
and the second 5 hours, 90 buckets of water were obtained. 
By another experiment, when the first was open 7, and the 
other 3} hours, 126 buckets were obtained. How many 
buckets does each pip^ discharge in an hour ? 

Ans. The first pipe discharges 15, 
and the second pipe discharges 6 buckets. 

8. There is a fraction such, that if 1 be added to its nu- 
merator its value becomes s=^; and if 1 be added to its 
denominator its value becomes = ^. What fraction is it? 

Ans. -^. 

9 Required to find two numbers such, that if the first be 
increased by a, and th4 second by b, the product of these 
two sums exceeds the product of the two numbers themselves 
by c ; if, on the other hand, the first be increased My a', and 
the second by b\ the product of these sums exceeds the pro- 
ducts of the two numbers themselves by c'. 

Ans. The first is ^-111^-^^:^=:^. 

. J. bd—b'c + abb'—a'bb* 

the second is ri r-, • 

afb-^ab' 
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BqiiAjtioos Qnhe;Fii*9t Pegree solved by Elimination by Substitution. 

^0. A person ^^d two barrels, and a certain quantity of 
wine in each. In order to obtain an equal quantity in each, 
he poured out as much of the first cask into the second, as 
the second already contained ; then, again, he poured out 
as much of the second into the first as the first then con- 
tained, and lastly, he poured out again as much from the 

first into the second as the second still contained. At last 

« 

he had 16 gallons of wine in each cask. How many gallons 
did they contain originally ? 

Ans. The' first 22, the second 10 gallons. 

11. 21 lbs. of silver lose 2 lbs! in water, and 9 lbs of cop- 
per lose lib. in water. Now, if a composition of silver and 
copper weighing 148 lbs. loses 14|lbs. in water, how many 
lbs. does it contain of each metal ? 

Ans. 112 lbs. of silver, and 36 lbs. of copper. 

12. A given piece of metal, which weighs p lbs., loses e lbs. 
in water. This piece, however, is composed of two other 
metals A and B such, that plba, of .zl. lose albs, in water, 
and p lbs. of ^ lose &lbs. How much does this piece con- 
tain of each metal ? 

6 — a 

and iill^lbs.of^. 
^ 6 — a 

13. According to Vitruvius, the crown of Hiero, king of 
Syracuse, weighed 20 lbs., and lost 1 j- lbs. in water. Assuming 
that it consists of gold and silver onlyg^nd that 19,64 lbs. of 
gold lose 1 lb. in water, and 10,5 lbs. of silver lose 1 lb. in 
water. How much gold, and how much silver did this crown 
contain ? 

Ans. 14,77 . . . lbs. of gold, and 5,22 . . . lbs. of silver. 
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£qaations of the First Degree solved by ElimiDation by SubstitutioD. 

114. Problem, To solve any number of equations 
of the first degree with the same number of unknown 
quantities. 

Solution, Let there be three equations with three unknown 
quantities; these equations may, by art. 104, be reduced to 
the forms 

^x + jBy + C2 + if = 0, 

il'2 + £'y + Cz + Jf == 0, 

The Talue of x, as given by the first of these equations, is 

— Bv—Cz — M 

X = ^ ; 

A ' 

which, being substituted in the other two equations, and the 
resulting equations being reduced, as in art. 104, gives 

{AB'--'A'B)p + (AC—A'C)z+AM'—A'M=::0, 
{AB''—A"B)y + {Aa^—A''C)z'\'AM"—A"3f=0. 

These equati<»is, being reduced, as in art. 110, give 

_ {A'C^—A"C)M+(A"C'-'AC')M'+{AC—A'C)M ' 
^ "" {A'B''—A''B')C+{A"B'''AB")C+ IaB'—A'B)& 

__ {A'' B'—AB")M+{AB^'—A''B)3f+(A'B—ABJM' . 
{AB"—A"B')C+ (A"B—AB'')C+(AB'—A'B)C''' 

in which the terms are arranged in groups in order to dis- 
play the symmetry of the result; and these values, being 
substituted in»the value of x, give « 

_ ( B'C—B'C')3f+{B C'—B"C)M''\-{B'C—B C)W 

* (AB"—A"B')C+{A"B — AB")C'{'\a B'—A'B) C 

« 

If this method of solution be applied to a greater number 
of equations, it will lead to similar results. 



z = 
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Exsmples to be solved by Elimination by Substitution. 



EXAMPLES. 

1. Solve the three equations 

X + y + « = 6, 
2a: -j- 3^ + 42 = 20, 
ax-p7y + 5« = 32. 

Ans, a; = 1, y = 2, « = 3. 

^/j 2. Sdve the three equations 

y + J« = 41. 
X + i* == 201, 
y + i« = 34. 

• 4«s. * = 18, y = 32, z = 10. 

3. Solve the three equations 

53 — ix — }z = y — 109, 

5y = 4z. 
ii»5. X = 64, y =80, « = 100 

4. Solve the four equations 

«+ y-f- z-f« = l, 
16x+ 8y4- 4«4:2m = 9, 
81x+27y4- 9x4-3" = 36, 
256x + 64y + 16x + 4u = 100. 

Ans. X = i, y = i, ^ = i» « = 0. 

5. The sums of three numbers, taken two and two, are a, 
b, c» What are they ? 

. Ans. iia-^-b — c), ^(a-|-c — 6), J (6 4-^ — «)• 

i 6. il, .B, C compare their fortunes. A says to S, * give 

f me $700 of your money, and I shall have twice as much as 

you retain; ' B says to C, * give me $1400, and I shall have 

^ thrice as much as you have remaining ; ' C says to A, ' give 
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'Examples to be solved by Elimination by Substitution. 

roe $420, and then I shall have 5 times as much as you re- 
tain.' How much has each 1 

Ans. A $980, B $1540, C $2380. 

7. Three soldiers, in a battle, make $96 booty, which 
they wish to share equally. In order to do this, A, who 
made most, gives B and C as much as they already had ; in 
the same manner, B then divided with A and C; and afler 
this, C with A and B, If, by these means, the intended 
equal division is effected, how much booty did each soldier 
make 1 

Ans, A $52, B $28, and C W6. 

8. A, By C, 1>, E, play together on this cdhdition, that 
he who loses shall give to all the rest as much as they already 
have. First A loses, then B^ then C, then Z>, and at last 
also E. All lose in turn, and yet at the end of the 5th 
game they all have the same sum, viz. each $32. How 
much had each when they began to play ? 

Ans. A $81, B $41, C $21, D $11, E $a . 

115. Second Method of solving the Problem of 
art. 106, called that of Elimination- by Compari- 
son. Find the value of either of the unknown quaur I 
tities in all the equations in which it is contained; 
place either of the values thus obtained equal to each 
of the others^ and the equations thus formed vnll be J 
one less tn number than those from which they are 
obtained^ and toiil contain one unknown quantity less. 
By continui?ig this process on these new equations 
the number of equations tvill at last be reduced to 
one. 



') ' 



1 
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Examples to be solved by Elimiaation by Comparisoa. 



EXAMPLES. 

1. To solve any two equations of the first degree with 
two unknown quantities. * 

Solution. These equations may, as in art. 110, be reduced 
to the forms 

Ax + By + M=:0, 

il'x + jB'yH- Jf ==0. 

The values of x, obtained from these equations, are 

— By — JPf 

X , 

^ B'y — M' 

^-^ A' 

which, being placed equal to each other, give 
— By — M_ —B'y — M' 





A ~^ A' 


whence 


AM — AM' 
^ " AB' — A' B' 


and, therefore. 


\ 

1 




BM — B'M 

X = -r-=r^ rr-=r: 



AB' — A'B' 

being the same values as those obtained, in art. 1 10. 

2. Solve the three equations 

a: "^ y ^ « 12' 

1 1_ 1 _ ^ 

x^ y 2 — 12' 

x y "^ 2 "" 12* 
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JSxamples to be «oWed by EKminatiop by Compaiuoo. 

SoluHan. The values of -x, obtained from these equations, 
are 

5 5f«+12«— 12y' 

the first of which being placed equal to each of the others 
giresi by reduction^ 

2 = 4, 

whence we get, from either value of z, by substitution, 

x =s: 2. 

3. Solve the two equations 

7ya±2z«— 3y, 
19 « 3= 60 y 4- 621^. 

Ans. X = 88f, y = Hf. 

4. Solve the three equati<ms 

3af + 6y = 161, 
7 x + 2 X s= 209, 
2y + « = 89. 
Ans, « SB= 17, y = 22, « = 45. . 

5. Solve the three Equations 

X ' « > 

y • X 

2 



^ns. X = — J— r , y = , I ■, « = 



04-6 — c*^ ""a — 6 + c' 64.C — a 
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Examples to be sdved by Eiiminatioii by Comparison. 



/ "> /(' / . 



6. Sdve the three equations 

X . 5y^ « = 16' 

4« ~ y ^ « ~ 72' 
6x y^ »~ 36' 

7. A person has two horses, and two saddles one of which 
cost $50, the other %% If he places the best saddle upon 
the first horse, and the worst upon the second, then the latter 
is worth $8 leiss than the other ; but if he puts the worst 
saddle upon the first horse, and the b^ upon the other, then 
the latter is worth 3} times as much as the first. What is 
the value of each horse ? 

Ans, fhe first $30, the second $70. < 

8. What fraction is that, whose numerator being doubled, 
and denominator increased by 7, the value becomes \ ; but 
the denominator being doubled, and the numerator increased 
by 2, the value becomes ft Am. f .' . 

9. A wine merchant has two kinds of wine. If he mix 
3 gallons of the worst with 5 of the best, the mixture is worth 
$1 per gallon ; but, if he mix 3^^ gallons of the worst with 
8f gallons of the best, the mixture is worth $1,03^ per 
gallon. What does each wine cost per gallon t 

Ans. The best $1^2, the worst $0,80. 

10. A wine merchant has two kinds of wine. If he mix 
a gallons of the first with 6 gallons of the second, the mix- 
ture is worth c dollars per gallon ; but,- if he mix d gallons 
of the first with hf gallons of the second, the mixture is 
worth d dollars per gallon. What does each wine costr per 
gallon ? 
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EzamplM to be solved by ElimiDatkm by Comparison. 
Ans. The first ^ r, V T ^ dollars, 

the second ' ^ \^ ^ , / ' dollars. 

a' b — a 6' 

11. Three masons, A, B, C, are to build a wall. A and 
JS, jointly, could build this wall in 12 days; B and C could 
accomplish it in 20 days ; A and C would do it in 15 days. 

What time would each take to do it alone 1 

J* 

Ans. A requires 20^ B 30, and C 60 day?. 

12. Three laborers are employed in a certain work. A 
and B would, together, complete it in a days ; ^ and C re- 
quire b days; B and C require c days. In what time 
would each accomplish it singly t 

' . 2abc 2 a be 

Ans. A in r — ; r days, B m = — ; r days, 

6c4-ac — flo bc'+'Ob — ac 

# 

^. 2ab€ _ 

C ID , , r^ days. 

ao-f-ac — be ^ . 

13. A cistern may be filled by three pipes, A^ jB, C. Bj 
the pipes A and J3, it could be filled in 70 minutes ; by the 
pipes A and 'C, in 84 minutes ; and by the pipes B and C, 
in 140 minutes. In what time would each pipe ^ it? 

Ans. A in 105, B in 210, and C in 420 minutes. 

14. A, Bf C play faro. In the first game A has the 
bank, B and C stake the third part of their money, and win. 
In the second game B has the bank, A and C stake the 
third part of their money and also win. Then C takes the 
bank, A and B stake the third part of their money and ^so 
win. After this third game they count their money, and 
find that they have all the same sum of 64 ducats. How* 
much had each when they began to play ? 

Ans. A had 75, B 63« and C 54 ducats. . 
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EUimination by Addition and Subtnction. 

15. Five friends, Ay B, C, D, ^.jointly spend $879 at an 
inn. This sum is to be paid by one of them ; but on count- 
ing the dollars they had in their pockets, they find that none 
of them had, alone, enough for this purpose. If, then, one 
of them is to pay it, the others must give him a part of their 
money. A can pay, if he receives one fourth ;'^jB, if he 
receives one fiflh ; C, if he receives one sixth ; I>, if he re- 
ceives one seventh ; and £, if he receives oneieighth of the 
others' money. How much has each? 

Am. A $319, B $459, C 543, D $599, £ $639. 

116. Third Method of solving the Problem of art. 
106, called thai of Elimination by Addition and Sub- 
traction, 

Solution. This method is generally inapplicable to tran- 
cendental equations, but otherwise, to equations of any de- 
gree whatever ; that is, it is a method which can be success- 
fully applied in all such cases to eliminate one' unknown 
quantity after another, until the given equations are reduced 
to one. 

In order to eliminate an unknown quantity from 
two equations which contain it^ reduce tfiem as in arts. 
79 and 88, and arrange their terms according to the 
powers of the quantity to be eliminated^ taking out 
each power as a factor from, the terms which contain 
it. 

It being now recoU'ected that the second member of each 
of these equations is zero, it will appear evident that, if the 
first members are divided one by the other, the remainder 
arising from this division must likewise be equal to zero; 
for this remainder is the difference between the dividend 
and a certain multiple of the divisor, that is, between zero 
and a certain multiple of zero. 

9* 
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Hence^ divide one of iftese first members by the other, 
and proceed^ as in arts, 46, (^c, to find their greatest 
common divisor ; each successive remainder may be 
placed equal to zero. But a remainder will at last be 
obtained, which does not contain the quantity to be 
eliminated ; and the equation, formed from, placing 
this remainder equal to zero, is the equation from 
which this quantity is elimiiiated. 

By eliminating, in thiS way, the unknown quantity 
from either of the equations which contain it, taken 
with each of the others, a number of equations is 
formed one less than that of the given equations, and 
containing one less unknown quantity ; and to which 
this process of elimination may be again applied until 
one equation is finally obtained^ 

117. Scholium. Jt sometimes happens, that the iirst 
members have a common divisor which contain the 
given unknown quantity ; and, in this case, the pro- 
cess, cannot be continued beyond this divisor. 

But as the given first members are muhiples of their com- 
mon divisor, they must be rendered equal to zero by those 
values of the unknown quantities which render the common 
divisor equal to zero; that is, the two given equations 
are satisfied by such values of the unknown quantities; so 
that, though they are in appearance distinct equations, they 
are, in reality, equivalent to but one equation, to the equa- 
tion formed by placing their common divisor equal to zero. 

118« Scholium. Care must be taken that no factor 
be suppressed which may be equal to zero. 



-r .^^vu^ ", ^ — r^ 
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EXAM^I^ES. 

1. Obtain one equation with one unknown quantity from 
the two equations 

23 4" y* ^ — 5 = 0, 

by the elimination of %. 
Soiuiion, Divide the first members as follows : 



+ y 



2 



+ y2 a; _ 5 



IstRem. yx2— y2aj_y3_j.io. 

OiTide the preceding divisor by this remainder after mul- 
tiplying by y to render the first term divisible. 



yx^ — y^x^ — y^x-\' lOx z -j- y 
y2a;2-f-(2y3 — I0)a;_5y 



r2T2 



y^x'^— y 



x — y^ + ^^y 



2d Rem. (3y3 _ lU) x + y* — 15y. 

Divide the preceding divisor by this remainder afler mul- 
tiplying by (3y3 — 10) to render the first term divisible. 

y X2 _ y2 ^ _ y3 _|_ 10 

3 ya — 10 

3y3 yz2_ 3y5 X — 3y6 — 100 

— 10 
3y3 

— 10 



+ 10y2 4-40y3 



yx^+ y^ 
— 15y2 



3y3 
— 10 



« + y* 

— 16y 



— 4y6 
+ 25y2 



X _ 3y6 — 100 
+ 40y3 



yx, — 4y5 
+25y2 

Multiply by 
(3y3-10), 



3y3 _ 10 



(3y3_lO)(_4y5+25y2)2—9y9^15Oy6_7Q0y3^1OOO 

(3y3_io)(— 4j^64-25ya)a;^4y9^ 85yg— 375y3 " 

_5y9 +656— 326y3 + 1000, 
whence the required equation is 

— 6y9 +65y« — 325y3 + 1000 = 0. 
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2. Obtain one equation with one unknown quantity from 
the two equations 

x6 + 5f6 = 6, 
by the elimination of x, 

Ans. (y3 — a)» — (y6 _ h)^ = 0. 

3. Obtain one equation with one unknown quantity from 
the two equations 

«* -f 18 y + X2 y2 + X y 3 ^ y* == 1^ 

by the elimination of x. 

Ans, y8_4y6^14y4_20y2^9--.0. 

4. Obtain one equation with one unknown quantity firom 
the two equations 

*^ + =^y + y^ = 1» 

X9 + y3 ^ 0, 

by the elimination of x. s 

Ans. 4y^ — 6y^+Sy^ — l = 0. 

5'. Obtain one equation with one unknown quantity from 
the two equations 

^^ + y 2;2 -|^ X -f- y = 4. 
x3 _|. x2 + y X = 3, 
by the elimination of x. 

Ans. Either y — 1 = 0, 

or y«— 3y +21 =0. 

6. Obtain one equation with one unknown quantity from 
the three equations 

x-f-y + « = a. 
xx4.xy4-y« = 6, 
xyz=z c, 
by the elimination of x and y. 

Ans.' 28 — az^ -j-hz — c = 0. 
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7. Obtain one equation with one unknown quantity from 
the |hree equations 

X 2 _J. y2 ^ ^2 -- 5^ 

by the elimination of x and y. 

. Ans, These three equations involve an impos- 
sibility unless a^ — b — 2c=0; 
and in case this equation is satisfied by the 
given, values of a, b, and c, the three given 
equations are equivalent to but^ two, one of them 
being superfluous, and, by the elimination of x, 
they give the indeterminate equation with two un- 
known quantities 

y* +y 25 -j-2j2 — ay — a« + c = 0. 

8. Obtain one equation with one unknown quantity from 

the three equations 

X + y2 = 4, , ^ 

y + «2 = 2, 
% + i2 = 10, 
by the elimination of x and y. 

Ans. 28 — 8 z« 4- 16 2* + « — 10 = 0. 

9. Obtain one equation with one unknown quantity from 
the four equations 

X +> + 2 + II = a, 

Xlf-\^XZ-{-XU'\-yZ-\-1/U-\-ZU:=iby 

xyZ'\-xyU'\-xzu-\-yzu^=^Cf 
xy zu = e^ 
by the elimination of x, y, and z. 

Ans. 11* — aw^ + itt^ — cti + e = 0. 
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19. Solre the two equations 

yx^ — a5« + a:s=:3, 

Solution. The eHmioation of a: gives 

3y— 3 = 0, or y = I; 

which, being substituted in the first of the-given equations, 
produces x = 3. ' 

11. SoWe the two equations 
x2y4_ey«x2+162«=90iEy + 60(a;— ya)— 720(y— 1), 

(y^-4y + 4)x _^ 12. 
6 . « ' 

Afis. X = 4, y = 2. 

12. SoWe the three equations 

x y z -j- «2 = 15, 

xy2 -J- a;2y — 2x 4-2« = a 

i4»s. X = 2, y = 1, « = 3. 

119. Problem* To solve two equations of the first 
degree by Elimination by Addition and Subtraction, 

Solution. The given equations may^ as in art 110, be 
reduced to the forms 

i4x + J5y-f ^=0, . 
A'7i + B'y + M':^0. 

The process of the precedipg article, being applied to 
these equations in order to eliminate x, will be found to be 
the same as to 

Multiply the first equation by A' the coefficient ofn 
in the second^ multiply the second by A the coefficient 
of X in the firsts and subtract the first of these pro^ 
ducts from the second. 



J 
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Thttfly these products are 

AA'x + A'Sy + A'MtrzO^ 

and the difference is 

(A B — A' B) y + A 3^ — A M=:0; 
whence 

_ AM — AM 

^~" AB' —A'B' 

In the same way y might have been eliminated by multi- 
plying the first equation by B'y and the second by By and 
the difference of these products is 

(AB' — A'B)x + B'M—BM' = 0; 

whence 

BM' — BfM 



X = 



AB' — A'B* 



the Talues of x and y thus obtained being the same as those 
giyen in art. 110. 

120. Corollary. This process may be applied with 
the same facility to any equations of the first degree. 

EXAMPLES. 

1. SoWe, by the preceding process, the two equations 

132 + ly — 341 = 7Jy + 43ix, 
2x + Jy = l. 

Ans. X sss — 12, y = 60. 

2. SoItc, by the preceding process, the two equations 

ix + iy = 6, 
jz + iy = 5f. 

Ans. a; ss 12^ y = 16. 
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J^^j. -y / 3. Solve, bj the preceding process, the three equations 

X + y + 2 = 3Q, 
8x4-4y + 5i«==50, 

Ans. x=f, y= — 7, z = 36^. 

Jt^^'-S"! 4, Solve, by the preceding process, the three equations 

3x— I00 = 5y-f 360, 
2^x + 200 = 16Jz — 610, 
2y + az = 54a 
-4n5. x = 360, y = 124, 2 = 100. 

5. So! re, by the preceding process, the foar equations 

X — 9y + 32— 10m = 21> 
2i + 7y— 2— M = 683, 
3x-(- y + 52+ 2u=195, 

4x--6y — 2z4- 0ti=5l6, 
Ans. X = 100, y = 60, 2 = — 13, ti = — 50. 

6. Solve, by the preceding process, the four equations 

*^ + iy + f^ = 58, 
• i^ + *y + *« = 76, 

i2 + ^2 + iK=79, 

y -[■ * ~h *f = 248. « 

Ans. 2 = 12, y = 30, 2 = 168, « = 50. 

7. Solve, by the preceding process, the six equations 

*4"yH~*4**'4" tt== 20, 

flj-J-a;4-«-j-f-j-tt^ = 24, 

Ans. 2 =^ 2, y = 3) 2 = 4, m = 5, < = 6, y = 7. 

8. A person has iw6 large pieces of iron whose weight is 
required. It is known that f ths of the first piece weigb 
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96 lbs. less than ;|th3 ^f the other piece; and that |-ths of 
the other piece weigh exactly as much as f ths of the first. 
How much did each of these pieces weigh ? 

^ns. The first weighed 720, the second 512 lbs. 

9. $ 2652 are to be divided amongst three regiments, in 
such a way, that each man of that regiment which fought 
best, shall receive $1, and* the remainder is to be divided 
equally among the men of the other two regiments. Were the 
dollar adjudged to each man in the first regiment, then each 
man of the two remaining regiments would receive $ ^ ; if 
the dollar were adjudged to the second regiment, then each 
man of the other two regiments would receive $ ^ ; finally, 

. if the dollar were adjudged to the third regiment, each man 
of 4he other two regiments would receive $ ^, What is the 
niuttber of men in each regiment 7 

Ans. 780 men in the first, 1716 in the second, 
and 2028 in the third regiment* 

10. To find three numbers such that if 6 be added to the 
first and second, the sums are to one another as 2. : 3 ; if 5 
be added to the firs^ and third, the sums are as 7 : 11 ; but 
if 36 be subtracted from the second and third, the remain- 
ders are as 6 : 7. 

Ans. 30, 48, 50. 



V 
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CHAPTER IV. 
Powers and Roots. 

SECTION I. 
Powers aiid Roots of Monomials. 

121. Problem* To find any power of a monomiaL 

Solution, The rule of art. 25, applied to this case, in 
which the factors are all equal, gi?es for the coefficient of 
the required power the same power of the given coefficient, 
and for the exponent of each letter the given exponent added 
to itself as many times as there are units in the exponent of 
the required power. . Hence 

Raise the coeficient of the given monomial to the 
required power ; and multiply each exponent by the 
exponent of the required power. 

122. Corollary, An even power of a negative quan- 
tity is, by art 27, positive, and an odd power is nega- 
tive. 

« 

EXAMPLES. 

1 . Find the third power of 2 a^ 6 » c. Ans. 8 a« 6 ^ » c a. 

2. Find the wth power of a* . Ans, fl* *. 
- 3. Find" the — wiih power of «». Ans, 

4. Find the mth power of a-«. ^ Ans, 

6. Find the — mth power of or*, Ans, a~». 

6. ^Find the 6th power of the 5th power of a^b c^, 

Ans. a««6»®c«o. 
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7. Find the gth power of the — pth power of the mth 
power of a— ». Ans. O^^p^. 

8. Find the rth power of d* 6r-« cP rf. 

Ans. a~»'6-«'ci»*'«^. 

9. Find the — 3d power of cr « 5^ ir »/» ar i. 

< 
10. Find the 4th power of --r-> Ans, 






11. Find the — 2mth power of the " — 1st power of 

X 

Ans, 



cd^ 



12. Find the 5th power of —2a^. Ans. — 32 a^^. 

13.^ Find the 4th powerof —36-3. Ans. 81 b"^^. 

14. Find the 5th power of the 4th power of the 3d power 
of — €u Ans. a^. 

16. Find the — 5th power of thfe —3d power of —a. 

Ans, — a^^. 

a 

16. Find the — 4th power of the — 3d power of — -. 

Ans. pj. 

« 

* 

123. To find any root of a monomiaL 

Solution. Reversing the rule of art. 121, we obtain im« 
mediately the following rule. 

jSxtract the required root of the coefficient ; and 
divide each exponent by the exponent of the required 
root. 
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1241 Corollary. The odd root of a positive quan- 
tity is, by art. 122, positive, and that of a negative 
quantity is negative. The . even root of a positive 
quantity may be either positive or negative, which is 
expressed by the double sign db preceding it. But, 
since the even powers of all quantities, whether posi- 
tive or negative, are negative, the even root of a 
negative quantity can be neither a positive quantity 
nor a negative quantity, and it is, as it is called, an 
imaginary quantity. 

126. Corollary. When the exponent of a letter is 
not exactly divisible by the exponents of the root to 
be extracted, a fractional exponent is obtained, which 
may consequently be used to represent the radical 
sign, 

EXAMPLES. 

1. Find the mih root of a**. Ans. a*. 

2. Find the mth root of a— ?^. Ans, a~*. 

3. Find the square root of 9a* 6*/- i2^-8» ^ 

Ans. zt^a^bf-^g-^^ 

4. Find the 4th root of 44^.. Ans. db %4A • 

6. Find the 9th root of — 23 « a* B6». Ans. — 2*a66. 

d Find the mth root of a»* » 

Ans. am. 

7. Find the mth root of —. , 1 - * 

«» Ans. — = a * 



CH. IT. ^ II.] CALCULUS OF RADICAL QUANTITIES. 113 

^ I 

Calculus of RadictLls. 

■ ^MP^— ■ I ■ ■ I I I Ill II I I ^i^^—i ^— .^M^lfc— — ^W 

9 

a Find the mth root of -^r^r- Ans. d^ b"^ c « e ". 

9. Find the 5th root of — a». . f 

Ans. — a*. 

10. Find the square root of a. ^ i 

^ Am, o*. 

11. Find the 8d root of — a. . 4 

Ans. — a*. 

12. Find the mth root of a. 1 



126. Corollary. By taking out — 1 as ihe factor of 
a negative quantity, of which an even root is to be 
extracted, the root of each factor may be extracted 
separately. ' 

EXAMPLSS. 

1. Find the sqaare root of — a^. Ans. a^/ — 1. 

2. Find the 4th root of —a«6«cs Ans. ab^ c^ \^—l. 

1 8 

3. Find the 8th root of —-a. Ans. d^ v — L 



SECTIONT II. 
Calculus oi Radical Quantities. 

127. Most of the difficulties in the calculation o/* 
radical quantities will be found to disappear if frac^ 
tional exponents are substituted for the radical signs, 
and if the rules, before, given for exponents j are ap^ 
plied to fractional exponents. 

In the results thus obtained, radtcal signs may 
again be substituted for the fractional exponents; 

10* 
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but, before this substitution is made, the fractional 
exponents in each term should be reduced to a common 
'denominator, in order* that one radical sign may be 
sufficient for each term. 

When num,bers occur under the radical sign, they 
should be separated into their factors, and the roots 
of these factors should be extracted as far as jpoa- 
sible. 

Fractional exponents greater than unity should 
often be reduced to mixed numbers. 



EXAMPLES. 
3 3 

1. Addtogether 7 V 54 a3 6»c3 and '6\^l6a^ b^ c^. 
Solution. We have 

7v'54«a6»c» = 7v'2.33.a3 66c = 7.2* 3. a6*c 

= 21.2*.a6^"^*c = 21.2*a66*c 

3 

=z2labc ^262. 



whence 



= 3.2.2*a66*c = 6a6cV26«, 



3 3 3-3 

7V'54a»6*c8+av/16a«6»c3=:21a6cV262^6a6c/>/262 

= 27a6cV262. 

2. From the sum of v^ ^^^ \/54 subtract a/6. 

Ans. 4 \/6. 

3. From the sum of V45c 3 and \/5a^c subtract V80c3. 

Ans. (a — c)/^Sc. 
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4. Find the continued product of \/a, \/6, and \/c. 

Ans, fs/a b c» 
» « » 

5. Find the continued product of ai^%^ ^ Vy* e\/z. 

Ans. abc \/x y s. 

6. Multiply c\^a by 6\/a; Ans, abc, 

3 4 ^* VlT 

7. Multiply \/^ ^y V^' ^»*- ^a'^=a^. 



«» 



8. Multiply \/a by \/a. ilns. a **'• = v^a«+« 

«4 : 3 29 12 

9. Multiply A/a^ by V«*- -Ans. a^ = a^ ^a*. 

10. Find the continued product of a"*, a , a" . 

IL Multiply 6-2Va-3 by a*6*c. 

ilns. a*^ 6 *c = -Vt-;:. 

12. MultijJy -^ by -^. 

13. Multiply 3 + v'S by 2 — V5. iliw. 1 — ^/S. 

14. Multiply T-f-SVe by 9 — SV^. 

i4»5. 3 — 17V6. 
16. Multiply 13 — v'S by^ 7 + 3^/5. 

iln5. 76 + 32^5. 

16. Multiply I + 4 \/i by J — 7 Vf 

itns. — 8 — V Vi- 

17. Multiply — 5 — VI by — 6 + Vf -4iw. 24^. 
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18. Mdltiply 9 + 2 ^10 by 9 — 2 ^10. Ans. 41. 

19. Multiply 2^8 + 3^5— 7v^by V72 — 6V20 
— 2a/2. Ans. — 174 + 42^10. 

20. Multiply a + \^b by a — \^b. Ans. a^ — b. 

21. Multiply \/a-|-\/6 by \/a — \/6. Ans. a — 6. 

3 3 

22. Multiply ^a + c ^b by \/a — c \/6. 

3 

Ans. a — c* *^b^. 

23. MuItipTy Vas + ^6^ ^y ^^3 _ ^52. 

5 
Ans, a t^a — V^6*. 

'in in -m 

24. Divide ^/a by n^b. a \^ 

Ans. J. 



25. Divide k by V^^^ * '^^^- V^* 

26. Divide 2a6«c3 by 4V«*ic6rf. 



iljl5. 



n 



^ b^ c* 



3 5 



d ' 
15 



27. Divide A^a^ bchj \/a b^ c^. . \ a^ 

Ans. h— r- 



*b 



28. Divide Jf by J|. ^,. J^ 

m p mg — np 



29. Divide a* by a*. Ans. a "^ . 

3 5. g 

80. Divide c a* by c/a . it«s. — jg — . 

d ^ a 

81. Divide a* 6* by a^^b^h. ^ a^^/b^ 

Ans. — ^ — • 
c - 

32. Divide — ^Y j ^"*' 55 • 
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128. Problem. To free an equation from rctdical 
qttantities. 

First Method of solution. Free the eqiuztion from 
fractions^ as in art 85. 

Bring all the terms maiUiplied by either of the 
radical quantities, whether they contain other radical 
quantities or not, to the first member, and all the 
other terms to the second member of the equation. 
Raise both nembers of the equation to that power, 
which is of the same degree with the root of the radi- 
cal factor of the first 'member, and this radical factor 
will be made to disappear; and by performing the 
same process on the new equation thus formed, either 
of the other radical quantities may be made to disap- 
pear, and inr most cases which occur in practice it toill 
be found that the equation can, in this way, be freed 
from radical quantities. 

EXAMPLES. 

1. Free the equation 

(a + x)i = {b + x)i-{c^x)i 
from radical quantities. 

Solution. The square of this equation is 

» 
hence, by transposition, 

«j(6 + x)^(c + 2;)* = x — a + 6 + c, 
the square of which is 

4 (6 + x) (c + a:) =^ (2 — a + 6 + c)a. 
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2. Soke the equation 

s/i = a. 

Ans. 2 = a*». 

3. Solve the equation 

6(9? — 1)* = 2(121 x + 4)* 

Ans. z == 1. 

4. Solve the equation 

(16-f-22)* — x=:2. 

Ans. 2 = 3. 
5. . Solve the equation 

* 

(21+4=r)i=(3 + x)* + (8 + =t)i 

Ans, X = 1. 
6. Free the equation 

from radical quantities. 

Am. 4x3 — 17x2 -j- 34 2 = 57. 

129. Scholium. There are cases, however, in which the pre- 
ceding method of solution is inapplicable on account of the 
new radical quantities which are introduced by raising the 
second member to the required power ; but in all cases the 
following method will be found successful. 

130. Second Method of solving the problem of art. 
128. Place each of the radical qtiantities equal to 
some letter not before used in the equation^ and raise 
the equations thus formed to that power which is of 
the same degree with the root of its radical quantity^ 
and substitute in the given equation for each radi- 
cal quantity th^ corresponding letter. If then, each 
letter, thus introduced, is considered to represent a 
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new unknown quantity, the new equations, thus form- 
ed, are of the same number with that of their unknown 
quantities; and, since they are free from radical 
qtmntitieSj all their, unknown quantities but one can 
be eliminated by the method 6f art, 116. 



EXAMPLES. 

1. Free the equation 

(x2 + x + 1)* _ (a;2 — a; + 1)* ±= 1 
from radical quantities. 

Solution^ Place 
whence 

23 = x2 X -f- 1 ; 

and the given equation becomes 

y — 2= 1. 

If y and z are eliminated between these three equations, 
the resulting equation is 

. 27 X* — 8 z3 + 39 «a — 6 X + 28 = 0. 

2. Free the equation 

(x + x^)* +(l+xa)*==:l. 
from radical quantities. 

Ans. 6x* +2x3 + 14x2— x-f 8 = 0. 

131. When, in e^n equation, the same quantity is 
a£fected by different radical signs, these radical signs, 
expressed by fractional exponents, may be reduced to 
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^ 



a common denominator, and, if a lelter is placed equal 
to that root of this quantity, which is of a degree 
represented by the common denominator, these dif- 
ferent radical quantities may be represented by the 
powers of this letter. ' 

EXAMPLES. 

1. Free the equation 

from radical quantities. 

Solution, This equation becomes, by reducing all its frao- 
>tional exponents to the same denominator, 

(a + 2;)*+^(a+a:)^^+B(a+x)T^+C(a+x)*=;0; 
whence, if we place 

y = Xa + 2^)"^, or y 12 = a + x, 
we have 

or y^ + A^^ + Bj/ +C=0; 

the solution of which gives the value of y, which, being sub- 
stituted in 

a; = yi2 _ a, 

gives that of x, 

2. Free the equation 

{x + x3)* + (x + «3) + (x + «3)* = a 

from radical quantities. 

Ans. From the equation 

y^ + y^ + 5^^ = « 

obtain the value of y, and substitute it in 
a;3 -[- a; =s y6. 



r 
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Indeterminate Coefficients. 

■ ■ 

. 3. Solve the equatioa 

' (2a;+I3)* = 3(2x+I3)*. 

Ans: % = 358. 
4. Solve the equation 

Ans, X = 5. 



SECTION III. 

Powers of Polynomials. 



« 



132. Lemma, If a polynomial 

is such^ as to be equal to zero independently of x, that 
is, if it is equal to zero whatever values are given to 
%y it must always be the case that 

A = 0, B =; 0, C = 0, £> = 0, £ = 0, &c. ; 

that is J that the aggregate of all the coefficients of each 
power of % is eqv/al to zero, and also the aggregate of 
all the terms which do not contain x is equal to zero. 

Demonstration, Since the equation 

A + Bx + Cx^-\'Dx^ + ^c. = 

is true for every value which can be given to x, it must be • 
true when we make 

x = 0; 

in which case all the terms of the first member vanish ex- 
cept the first, and we have 

.1 = 0. 

11 
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Indeterminate Coefficients. 

This equation, being subtracted from the given equation, 
gives 

JB a: + C2;2 + 1> x3 + &c. = 0; 
or, dividing by x, 

J5 -j. C X + 1> x* + &c. = ; 

whence we may prove as above, that 

By continuing this process, we can prove that 
C = 0, 1> = 0, E=r 0, &c. 

9 

• ' ■ - 

133. Corollary. If two polynomials 

A+Bx+Cx^ -{-Dx^ -{-Ex^ + &c., 
A'+ Bx + C'a;3 + D'x^ 4. E^x^ + &c. 

are such as to he equals independently ofx^ it must 
always be the case thai 

A = A', B=z B', C = C , D = D', &c. 

Demonstration. For the equation 

^ -j. ^2 + Cxs + &C. = A-' + B'x + C'x^ + &c. 

gives, by transposition, 

{A —A') ^{B — B')x^ {C—C) x2 + &c. = 0'; 

whence, by the preceding- lemma, 

A^A=0,B — B'^0, C— C = 0, &c.; 

that is, 

A = A', B =5= .B', C = C', &.C. 

134. Problem. To find any power of a binomial. 
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Binomial Thttorem. 

Soiution^ The fi?e first powers of the binomial a -{- z, 
obtained from multiplication, are as follows : 

(a-f x)* =:a*+4a3a;+ ^d^%^-\- 4a x^-^- x*, 
(a-f-x)» =a5-f-5a*x+10a3xa + 10a2x3^5^,a;4^x^ 

We readily infer from the inspection of these powers, that 

The first term of any power of a binomial is the 
same power of the first term, of the binomial. 

In the folUywing terms of the power the exponent 
of the first term continually decreases by unity ^ where- 
as the exponent of the second term of the binomial, 
which is unity in the second term of the power, eou" 
tintially increases by unity. 

The coefficient of the second term of the power is 
the exponent of the power. 

Each of the preceding inductions can easily be demon- 
strated. For suppose t^e terms of any power of 1 -|- x\ as 
the nth, to be arranged according to powers of x' as follows, 

(1 +x')« = C^i] + CP]x'+ C[3]x'9 + C[4]a;/3^&,c. 

I 

in which C\.^h CP3, Ci^h &c. denote the coefficients of the 

' first, second, third, &c. terms, the number at the top in 
brackets denoting the place of the term, and the letter n at 
the bottom denoting the power to which they belong. 

Since the preceding equation is true for all the values of 
x', it mast be true when we make ^ 
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which gives 



1« = Cti] == 1 ; 

n ' 



whence 

( 1 4- %'Y = 1 -f C[2] X' + C[3] X' 2+ CC^l z' 3 ^ &c. 

Multiply this equation by a*^ and we have 
and placing 



a; 

% z=z ax' or X' = -, , 

a 



we deduce 



in which the inductions in regard to the exponents is obvi- 
ously generalized. 

Again, we have in the same way 

(a + x)*^! == a«--i + CP]j a»--a z + CPl^a^-s x3 + &c. ; 

which, multiplied by a -f- x> gives 

(a+a:)- = a" + CCT^ 



+ 1 
But we had before 



a»— 1 X -|- terms multiplied by x^, 

x^j &c. 



(a + x) « = a* + CP] a^-i x +*&c. 

Hence, by art. 133, the coefficients of x must be equal; 
and give 

that is, the coefficient of the second term of any power is 
equal to the corresponding coefficient of the preceding power 
increased by unity. 
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Now it appears from the powers already obtained, that the 
coefficient of the second term is 4 in the 4th power, 5 in the 
5th power, and therefore it must be 6 in the 6th power, 7 in 
the 7th power, &c., and n in the nth power ; that is, 

whence 

We are now to proceed to the investigation of the remain- 
ing coefficients Ct^], CL*], €\.^\ &c. 

If a in the preceding equation is increased by y, the 
equation becomes, retaining Ct^J for the sake of symmetry, 
instead of n, 

-|- C[4] (e, -[- y) «-^ x3 + &c. 

which, being arranged according to powers of y, gives, by 
means of the preceding inductions. 



+ CmcC^H^ + q3](n— 2)0*^ a;2 
+ Cr4]an-3x3 + q4](«— 3)a«-4 a;3 
-t|- &c. + &^' 



y -{- terms 

muhiplied 
byy2, yu 

dZ/C. 



But, if instead of increasing a by y, a; is increased by y, 
we have 

(a+y + 2)*=«» + q2]««-i(x+y)4-q3]an-2(a;^y)2 

which, being arranged according to powers of y, becomes 

11* 
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' n ' n multipliea 

+ Ci:4]a«-3x3 4-4C[5]a«--4ir3 ^T ^^j ^^ 

I n ' « 

In these two values of (o + y + ^)* *^^ coeffici€nt of y 
must, by art. 133, be «qual ; that is, 

C[2]a«-i^ C[9](n-l)a»-^-|. C[3](«-2)a»-3tr2^&c. 

= cp]a«-i4-2Cf] a«-2 x + 3 CW a«-3 a;2 ^ &c. 

But, in this equation, the coefficients of x, x^^ d&c. roust be 
equal, or 

3e[3] = Oi:2](n — 1) 

8 0W = C[3](» — 2) 

4q5]=,e[*](n — 3) 
&c. &c. 



that is, 



Cf3] = 



C[2](n— 1) w(n — 1) 



• Cf^J(« — 2) 



2 

n(n — l)(n — 2) 



CC5] == 



3 2.3 

CE4] (n — 3) n(n— 1) (n — 2) («— 3) 



2 



&c. 



Hence 



n(n— l)(n— 2)^_^, , , n(»— l)(n— 2(n— 8) ,^4,., 
"23^ ^^^ + 2 3.4 ^ "^^ H-^'^^' 

and we see that 
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If the coefficient of any tetm is multipUed by the 
exponent which the first term of the binomial has in 
that term,, and divided by the place of the term, the 
result is the coefficient of the next foltotoing term. 

135. Corollary, If x is changed into — x in the preceding 
form ul a, it becomes 

(a — a;)*==a« — « aJ»-i a; -}- — L_^ — Ifj^^^x^ — 

the signs of every other term being reversed. 

136. Corollary. The preceding formula written in the 
reverse order of its terms must give 

(a;4-a)" = z» + «ax«-i4-— ^r — ^ a^ a;* - 2 -[- &c. 

whence it appears that 

The coefficients of two terms which are equally 
distant, the one from the first term, and the other 
from the last term, must be equal. 



EXAMPLES. 

^ a c 
1. Find the 6th power of — ibc^d. 

^ ac 
Solution, Place x = -— - = 2a6--*c, 

y=:ibc^d; 
and we have 
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Bat, by the above formula, 

(a: — y)6 — 2;6_6x5y+ ISx* 5^2 — 20 2:^5^3+152:2 y4 

iu which, if we substitute the values of x and y, we have 
15 a^ 6-6 c8d2 _ ^ a^h-^c^d^ -). ^a^ci^rf* 

2. Find tbe 10th poWerof a + 6. 

^n5. aio+10a96 + 45aH*+120fl7 63 + 210a664 + 
252a5 65 4.210a4 66+120a36" + 45a2 68^10a69+6io. 

3. Find the 11th power of 1 — x, 

Ans, 1 — Il2; + 55x2_165x3^3302:4_462j;5^ 

462 x6 — 330 a;7 -f 165 x8 — 55 x9 + 1 1 x^o — x^\ 

4. Find the 4th power of 5 — 42:. 

Ans, 625 — 2000 x + 2400 x^ — 1280 x3 + 256 x^. 

5. Find the 7th power of ^ 2: -|- 2 y. > 

,Ans, ^i^x-^ + ^^x^y + ^x^y^+^x^y^ + l^Sx^y' 
+ 168 x^y^ + 224 2: y6 + \^y\ 

6. Find the 4th power of 5 «2 ^2 rf — 4 a 6 rfs. 

ilyi5. 625 flS c8 ^4 _ 20CM) a7 6 c6 c?5 _|. 2400 a^ 62 ^4 ^6 
— 1280 a ns c2 rf7 ^ 256 a^ 6^8. 

137. Problem. To find any power of a polynomial 

Solution, Suppose the terms of the given polynomial to be 
arranged according to the powers of any letter, as a:, as 
follows ; 
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ft 

in which the coefficient of any power of % is represented by 
the letter a, with a number of accents denoted by the expo- 
nent of this power. 

Suppose now the required power to be the nth, and if we 
denote the aggregate of all the terms of the polynomial ex- 
cept the first by X^ we have 

X=^ a'x 4- a"x2 + a^'x"^ + a"^x* + &c. ; 
and 

(a + a' X + a" x2 ^ &c.)« = (a + Xy. 

Now, by the preceding article, 
(« + X)» = a» + n «P-i X + ^^^=i^ a»-2 Xa 
_^ H(n-l)(«-2) ^._,j, _j_ «(«-!) (n-2)(n-3) ^_, ^, 

n(,i-l)(«- 2)J n-3) (n- 4)^.^, 
^ 2.3.4.5^ 

We may now,iby simple multiplication, obtain some of 
the first terms of X^, X^, X^, &c! as follows : 

X =a'x-\' a"x^ + a"'x^ + a}^x^ ^ «▼ x* + &c. 
a'x + a"j2 -f- d"x^ 4" «'^^* + ^""^^ + ^^' 



X^ = a'2 2;2-f 2a'a''x3+2aV 

4- a"^ 



+ 2 a"a!"\ 



a! % '\' a'' x^ + a'" x^ + a'^ x* -f" *^<^- 

X^ = a'3z3+3a'2a//x44.3a'2 «// x» + &c. 

-[-3 a' a/' 2 
a' X + a" x2 -|- a'" a;3 + &c. 

X\ = a'*x*-f4a'3a"x5+ &c. 
a' X -f a" x2 + &c. 



JIT^ = d^x^-^ &c. 
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in which terms cOntainiog powers of x higher than th^ 5.th 
have not been retained. By substituting these values in 
{a -f- ^)^t and arranging the terms according to the powers 
of X, we obtain the 6 first terms of the required power as 
follows : 

{a'\-a'x-\- a"x^ + a!"x^ + a^^fx^ ^a:'x^'\- &c.)» 



=: a^ '\- n a^^^ a! X ^ n 



aS^-^a" 



, nin — 1) o , ^ 



-^ n . 
4-n(w — 1) 



^n-l^/// x3 -fn 



a^-^ala" 



, «(»— l)(n— 2) - ,, 
^2.3 



an-lfliT 



+ 



^(^•^^) a«-2a//2 i 



2 



2 



-f- w (w — 1 ) 

•^ n (n — 1) 

, n(yi — 1) (» — 2) 
r 5 



n( n-l)(n-2) ^^^3^, ^ ^,, 

~ 2 

n(n-l)(n ^2 )(n-3) ,, 

a*-^a'a}'' 



a 



n — 3^/2^/// 



+ 



n (n— 1) (n — 2) 

"""^ • 

«(n — 1) (n — 2) (n — 3) 

2~.~3 ~" 



— 3/»/V/2 



rt»— Jrt'a 



a 



*-4a/3a// 



n(^--l)(n-2)(/.--3)(n-4) 
■^ 2.3.4.5 



If the coefficients of the different powers of x are com- 
pared with each other, we shall find that each can be ob- 
tained from the preceding term by the following process. 



CH. IT. ^III.] POWERS or POLYNOMIALS. 131 

I.I. ■ I ■ ■ I.- ■ ■ > — . — . 

, Polynomial Theorem, 

From a given coefficient to obtain the next following 
coeffi^ent: 

Multiply each term of the given coefficient by the 
exponent of the highest accented 'letter contained in 
this ternij dimhiish the exponent of this letter by 
unity, and then multiply the term by that letter of the^ 
given polynomial which has one accent more than this 
whirJi is a^ present the highest accented letter of the 
term. 

Again, whenever the accents of those two let- 
ters of a term which have the greatest number of 
accents differ in number by unity, that is, whenever 
the two highest accented letters are consecutive, multi- 
ply the term by the exponent of that one of these two 
letters which has ihe least tiumber of accents, and 
diminish its exponent by unity ; and at the same time 
increase the exponent of the other of these t$vo letters 
by unity, and divide the term by the exponent thus 
increased. 

Thus t^ term Tai^^P would, if the accent e were higher 
than that of any other leUer in this term, furnish by the 
first part of this rule p .Ta^^'^P^'^ a^^ + J] for the correspond- 
ing term of the succeeding coefficient. 

Also the term TaW^aC« + i]« would furnish the two 

terms q . TaC*] p aL® + 1] « ^ i at* 4- 2] 

and -4-t: T/iW j»-i a[« + i] ?+^ 

By this melhod of deriving each coefficient from the pre- 
ceding one, any power of a polynomial can be written down 
with great rapidity, and the correctness of this method can 
be demonstrated independently of the inductive process. 
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For this purpose we have only to compare "all the teroM 
which would be obtained by the preceding rule from any 
coefficient, as that of x^, with the terms of the succeeding 
coefficient or that of x"»+^, and if these are identical, the 
rule is demonstrated. 

But it is evident that all the terms of the coefficient of a^ 
iii which any letter as ai^*'] occurs, and is the highest accent- 
ed letter, or the next but one to Jthe highest accented letter, ' 
ought, if this method is correct, to give all the terms of the 
coefficient of x"*+^, in which at« + i] is the highest accented 
letter, and no other such terms. 

Now, to demonstrate that this is the case, take Y and Z 
such that . 

Y= a + a'x + a" x^ + &c. + aW x« + a[«+i] a;« + i, 
Z= a[« + 2]a;e + 2^ at® + 3] a;e -f '3 _j_ ^c. 
Hence, by art. 134, 

{a+ a' X + a'' x2 -^^ &LC,)* ^ {Y+ Z)* - 

so that all the terms of 

r« + » y»-iz + &c. 

except those of Y* are multiplied by one at least of the terms 
of Z, that is, by some letter the number of whose accents is 
more than [e -|- I]. But we are, at present^ considering 
only those terms in which either at®] or «[« + ^] is the high- 
est accented letter, and therefore we may omit^all the terms 
except those of Y\ 

If we again take Y^ and Z' such that 

F' = a + a' a; + &c. -(- af® — i] x« — i, 

and Z' == at®] x^+ai^-^ i] x^ + \ 

we have . - 

Y=Y' + Z'; 
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and, by art. 134, using N^^\ iV(^), &c to denote the succes- 
sive coefficients of the nth power of a binomial, 

any term of which, such as JV^*) F'*— *2r'*, will furnisli 
terms multiplied by a[^3 and al^^+^] ,when the values of Y' 
and Z^ are substituted in it. 

But we have, by the bipomial theorem, using H(^), H^^), 
&c. to denote the successive coefficients of the. Ath power of 
a binomial, 

any term of which may be denoted by 

and the succeeding term would be 

Suppose, now, the value of Y' to be substituted in 
^(k) y/n— A^ and the result to be arranged according to 
powers of x ; and denote the coefficient of any power • of z, 
such as aj*, by S, so that any term of M^) F«— * may be de- * 
noted by Sx*, 

The value of iV^wy/n-A ^/* ig^ t^en, obtained by mul- 
tiplying each term of Z'^ by each term of iV"W F'»~*. 

Thus the term of iV<*) F«-* JZT'*, obtained from the 
multiplication of the first term of Z'\ that is, aW*a;**, by 
any term, as Sx', of iVW F«— *, is 

and if the term iS^z' is so taken that 

e A -{- ^ = m, 
12 
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this term becomes 

The product of the second term of Z'^, that is, 
H^i) a[«]*-i a[e]+il xe*+i 

multiplied bj the same term St^^ is 

i 

Hence, if there' is a term of iVW y «— * ^hich, nralti- 
plied by the first term of Z'^y gives a term multiplied by x"*, 
it musty when multiplied by the second term o{Z^\ giwe a 
term multiplied by x"*+^. But if the rule be applied to the 
term multiplied by 2^, that is, to ^ 

I 
it gives - * 

which is the same as the above term multiplied by x"* + ^ or 

fi'(i)^a[e]A--ia[« + ix« + i; 
4)ecause we have, by the binomial theorem, 

Again, the product of any term of Z' *, as 
multiplied by the term Sx'/ia 
and the product of the following term of Z'* by <8^x* is 

If, now, ^i* is so taken, that 



J 
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these terms become 
and 



^ 



Hence> if there is a term of Z' * which, multiplied by 
Saf, gives a term multiplied by x^, the succeeding term of 
'^'* must, ,when multiplied by Sx', give a term multi- 
plied by Sx^+K But if the rule be applied to the term 
multiplied by z*", it gives first a term multiplied by a^^ + ^\ 
which is not one of the terms now under consideration, and 
also the term 

which is the same as the above term multiplied by 2*+^, 
because we have, by the binomial theorem, 

P+ 1 

It therefore appears, that when this method of deducing 
the coefficients is applied to the terms of the coefficient of 
z**, all the terms of the coefficient of z" + ^, ^hich contain 
aC«+i] as their highest accented letter, are obtained, and no 
other such terms are obtained ; in other words, the applica- 
tion of this method to the terms of the coefficient of Z" gives 
all the terms of the coefficient of z"+^, and no other terms. 

138. Corollary. If the successive coefficients had been 
represented by the successive letters of the alphabet, as a^ b, 
Cy &c., the preceding rule and demonstration would hare/ 
been just as applicable by changing the words '' highest ac- 
cented letter " into *' letter farthest advanced in the alpha- 
bet" 
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199. Corollary. If 2; is put equal to unity in the Yalue^of 

(a + a' X + a" x* -f &c.)», 
we Have the value of 

. i^aJ^a^ + a!' + &c.)». 

So that any power of a polynomial, the terms of 
which contain no common letter, is readily found by ^ 
multiplying the successive terms, after the first, respec- 
tively by ar, ar2, :r3, ar^, &c., obtaining the power of 
the polynomial thus formed, and putting 

in the result. 



4 



EXAMPLES. 

» 

1. Find the 6th power of 1 + 2x + 3x« -f^ix^. 

Solution, Represent the successive coefficients I, 3, 3, 
and 4 by a, a', a", and a'"y so that 

a =; 1, «' = 2, a' = 3, a'" = 4; . 

and the given polynomial becomes 

The fifth power of this polynomial is then found by the 
rule to be 



a5-j-5a*«'x+ 6a*a" 



+ 10a2a3 



--10a3a'2 



-I- 20 flO a" a ' 
- - 30 a2 a' a a' ' 

4- 20 a«'8 a'' 



x5 + 10 a3 a"' a 

- - 60 a2 a' a' «'" 
-- 10 a2 a//3 

- - 20 a fl' « «"' 

-- 30 aa 2 a"^ 

+ 6 a'* a" 



x«+30a2 of af''^ 
--30 a2 a"2 ^// 

'-GOaa'^a"a'" 
--20 a A'a^a 
-- 6a'* a"' 
-f- 10 a' 3 a" a 



1 
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- - 20 a' 3 a" a'" 
-- lOa'2 a//3 

a0^a"2a'//a 

4- ^a"^a"' 



x8 4- 10 a» a" 2 
-- 60 a a'a 'a ''2 

--20 a a" 3 a'// 
-- lOa'3 a//^2 
+ 30a'2a//2a/v 

-- Sa!a"^ 

a;ii -|- 5 a a"' * 

--20 a' «"«"'« 
-- 10 a"3a"'2 



x9-f 20aa'a'''3 
--30aa''2a//'2 

+ 30 a' 2 a" a'"^ 
--20a'a''3a/// 

xi2-L 5 a' a'"* 



rlO 



«13 



Now, if we substitute for a, aly al'^ a!" their values, the 
preceding expression becomes 

(l4-2iK-|-32r2 + 4z3)» = 1 +.10X -I- 55x^-1-220x8 
+ 690 X* -f^ 1772x» -I- 3670 x® -J- 7040 x^ -J- 
102i5 x8 + 18810X 8 -f- 17203 x^o -f 16660 x" -{- 
13280 xi2 -f 8320 x i3 + 3840 x^ -f 1024^xi5. 

2. Find the third power of a -|- 6 x + c x*. 

Ans. a3 + 3 a2 5 X -j- 3 a2 clx* + 6 a 6 c x^* 

■4-3 6«e|* 

3. Find the 6th power of a + 6 -f- c. 

Ans, a«-f-6a«6-f-6a5c-f 15a462^30a45c-f 
20 a3 63 -f- 15 a^ c2 -I- 60a3 ft3 c 4- 15 a^ 6^ -[- 
60 a3 6c2 -f-60a3ft3c^6a55^20a3c3-f. 
90 a2 63 c9 + 30 a 6^ c -{- 6« -}- 60 a^ 6 c3 -f. 
60 a 63 c2 4- 6 65 c -f- 15 a2 c4 4- 60 a 62 c3 -{- 
15 6^ c3 -{- 30 a 6 c* + 20 63 c3 -f- 6 a cS + 
15 6«c4 4.6 6c«-f.c«. 

12* 
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m 

4. Find the 4th pcfwer of a^ — a^ x^ az^ — x^,^ 
Ms. flis _ 4 ai^ a; + 10 a*® z^ — 30 efix^ + Si a* x« 

— 40 a''x^ + 44 flS ^e _ 40 «» a;' -jl ^^ «^ «* 

— 20 a3 x9 + 10 a2 «io _ 4 « a^u ^ yis. 



SECTION IV. 
Roots of Polynomials. 

140. Problem. To find any root of a polynomiaU 

Solution. Let the root to be found be the nth, and let the 
polynomial be represented by P, the terms of P being ar- 
ranged according to powers of either of its letters, as 2; ; 
and let jR be the required root arranged according to the 
powers of the same letter. 

Let Q represent the term of R which contains the high* 
est power of x, and J?(^) the remaining terms of R ^ and we 
have 

12 =; Q -f 12(») ; 

and, by the binomial theorem^ 

= Q» + n Q~-i jRW-f &c. 

Now it is evident, from inspection, that the term of the 
second member of this equation which contains the highest 
power of X is Q" ; and, therefore, Q* must be equal to the 
term of P, which contains the highest power of z ; so that 
if the term of P which contains the highest power of x is 
represented by O, and the remaining terms of P by P^^), we 
have 

and 
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that is^ the term of the required root which contains 
the highest power of ^, is found by extracting the 
root of the corresponding term of the given polyno-. 
mial. 

We also hare 

=*= Q» + n Q~- J JRO) -f- &c. ; 
whence 

and it is evident that the first term of 

P(i) . .. 

is the same with the first term of 

so that, if we divide the first term of 

PO) 

by ^ ^ 

the quotient must be the first term of 

that is, the second term of the root. 

Hence, to obtain the second term of the root, raise 
the first term of the root to the power denoted by the 
exponent of the root, and subtract the result from the 
given polynomial, bringing down only the first term 
of the remainder for a dividend. . 

Also raise the first term of the root to the power 
denoted by the exponent one less than that of the root, 
and muUiply this power by the exponent of the root 
for a divisor. 
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Divide the dividend bp the divi^r, and the quo^ 
tient is the second terfu of the root. 

If now we denote the root already found by &, and the 
remaining terms of the root by T, we have 

and P—S* = n S*-^ rrj- &c. 

and it is evident that the first term of* 

h the same with the first term of 

so that, if we divide the i^rst term of 

P — iSf» 

by the first term of 

the quotient must be the fir^t term of T or the next term 
of the root. ^ 

But since the first term of ^8^ is the first term of the root or 
Q, the first term of 

is, by the binomial theorem, 

so that the first term of 

is nQ*-^, 

m 

the same with the divisor used for obtaining the second term 
of the root. 
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Hence, when the first tefms of the required root 
are found J the next term is found; hy raising the 
root already found to the power denoted by the expo- 
nent of the required root / subtracting this power 
from the given polynomial, and dividing the first 
term of the remainder by the divisor used for ob- 
taining the second term. 

This divisor, then, being once obtained, is to be 
used in each su4xessive division,- the successive divi- 
dends being the fir si terms of the successive remain- 
ders. 

EXAMPLES. 

1. Find the 4th root of 81 »» — 216 x^ ^ 336 x^ — 
56x4 — 224x3 + 16x + h 

Solution. The operation is as follows, in which the root is 
written at the left of the given power, and the divisor at the 
left of each dividend or remainder ; and only the first term 
of each remainder is brought down. 

81 x8_2 16 X7+336 x5_56 x4_224 x3+l 6 x+1 1 3 x2^2 x-* 
81x8 



1st Rem. —216x7 I 108x6 = 4 X (3x9)3 
81x8-216x7 + 216x6 — 96x5+16x4 == (3x2 —2 x)* 
2d Rem. i — 216x« I 108x6 



81x8_216x7+336xS— 56x4— 224x3+16x+l= (3x^-2x-2)* 

• 

3d Rem. 0. 

2. Find the 3d reot of a^^+Sa^ 6 + 3aac + 3a&3 
+ 6a6c + 3flc«-|-63 + 3 6ac-|- 3&c« + c». 

An». a + 6 + c. 
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a Find the 3d root of a^ -f 6a'^ — aa^ c 4- l^ab^ 

— I2a6c + 3ac2 +86*— 13 62 c+ 66 c2—c9. 

' Ans. a -f- 2 6 — c. 

4. Find the 3d root of 343 x^ —Ulx^y + 777 x* y^ 

— 531 «3 y3 ^ 444 a;2 y4 -|. 144 a; y» 4-64y«. 

iliw. 7 X* — 3 X y + 4 ya. 

5. Find the 4th root of 81 a^ — 540 a^ 6 — 72 a^ c 
+ 1350 a2 52 + 360 a2 6 c -f- 24 ftS c^ _ 1500 a 6^ — 
600a62c — 80a6c2_yac3 + 625 6*+ uyLP 52 c 
+ 2^052^2 + y^ 6 c3+Jfc*. • 

iln*. 3a — 56 — ^c. 

6. Find the 5th root of 16807 «i« 6* — ^^sl^ a^ b^ -f 
u^ a6 53 _ 2AJJ.0 a* 67 c — ^^ n* 62 — V®^ a^ 6« c 
+ffa25^24555c_^+ i.aj^o^2 59c3_^a-a6^c 

— »f a-4 68 c2 + ^^ a-* 63 c + ^^ a-© 6^ c2 + 
«fifo ^8 511 c3 — f a-87»6 c2 — ^ ir-i« 610 c3 4- 
Jf a-12 68 c3 + ^ a-1^613 i* _ l^-a-16612 c* + 

vlns. 7 a2 6 _ J 4. 1 a-* 6^ c. 

7. Find the 9th root of y97+27y25 ^ 324 y23 +2268 y^i 
+ 10206 yi9 + 30618 y" + 61236 y is ^ 79732 y 13 + 
59049 yii + 19683 y9. 

Ans. y3 + 3y. 

141. Corollary, When the preceding method«is applied 
to the extraction of the square root, it admits of some modi- 
fications which shorten the labor of calculation. We have, 
in this case, 

11 = 2, »— 1 = 1; 

p=(^+ r)2 = iSf2+2iSrT+ ^2, 

P — 8^ = 2^8^ J'+ r2; 
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BO thftt tb^ first lei:in of T must be equal to the first term of 
P — S^, divided by the first term -of 2 S; and, calling this 
term ' 71 the next remainder must be > 

P -. (^s+'T)^ — P — ^2—8 8 'T— T^ 

r=P-^Sz — {2S-{-'T) T; 

that is, this new remainder is equal to the preceding remain- 
der P — 8^ diminished by (2 S^'T)'T. 

Hence we have the following rule. 

To extract the square root of a given polynomial. 

Arrange its terms according to the powers of some 
letter y extract the square root of the first term for the 
first term of the root. 

Double the part of the root thus found for a divisor, 
subtract them square of this part of the root from 
the ^iven polynomial, and divide the first term of the 
remainder by the divisor ; the quotient is the second 
term of the root. 

Double the terms of the root already found for a 
new divisor ; subtract frorrp the preceding remainder 
the product of the last term of the root multiplied by 
the preceding divisor augmented by the last term of 
the 7'oot. Divide the first term of this new remain- 
der by the first term of the corresponding divisor, 
and the quotient is tfye next term, of the root. 

Proceed in the same way, to find the other terms of 
the root, , 

EXAMPLES. 

1. Find the square root of a;« + 4 x^ -|- 20 x^ — 16 ac 
+ 16. 
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Solution, In tba following fiolution, the arrangement is 
similar to that in the example of the preceding article. 



x6-[.4x5 + 20x2_16x; + 16 



s 



4x5 + 20x2— 16x + l6 

4x^4- 4x"'* 



— 4x4 + 20x2— 16x + 16 

— 4x4— 8x3+ .4a;2 



8x3+16x2— 16X+16 
8x3 4-16x2—16x4-16 



x8 + 2x2— 2x+4. ^»^. 

2x3 

2x3 + 4x2 

2 x3 + 4 x2 — 4 X 



0, 

2. Find the square root of 25fl* — 30a3 6 + 49 a^ fta 
— 24a63 + 166* Ans. Sa^ — 3 a6 +'46». 

3. Find the square root of 4x6 + 12 x* + 5 a;* — 2«3 
+ 7x2 _2x+ 1. Ans. 2x3 +3x3 -_ ^ + 1. 

4. Find the square root of a^ — 2 a^ « + 3 a^ x* — 
2 ax3 + X*, Ans. ii2 -- fljc + X*. 

6. Find the square root of f + 6 x — 17 x« — 28 aj» + 
49 X*. Ans, ;J + 2x— 7x2. 

142. Corollary. Since any number, expressed by two or 
more figures, may be considered as composed of a certain 
number of units, tens, hundreds, &c. added together, it may 
be divided into portions separated by the sign +, and thus 
become a polynomial ; and to this polynomial the rules for 
extracting the roots of polynomials may be applied with 
some changes, as in the following example : 

Find the fourth root of 79602005521 . 

Solution, Since we have 

1* = 1, 
10* = 10000, 
100* == 10000 0000, 
1000* = 10000 0000 0000, 
d&c. 



J 
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it is evident that the fourth power of an integer between 
1 and 10 cannot consist of more than foor figures ; that the 
fourth power of an integer between 10 and 100 must con- 
sist of more than 4 figures, and less than 6 ; that the fourth 
{Kiwer of an integer between 100 and 1000 mast consist of 
more than 8, and less than 12 figures, and so on. If, there- 
fore, the given number is separated into portions of 4 figures 
beginning with the place of units, we can easily see, of how 
many figures its root must consist. This separation is thus 
effected by inserting periods, which is called dividing the 
number into periods, 

795.0200.5521 ; 

whence it appears that the required root must consist of 
three integral places. 

Moreover, the given number is more than 

(500)* = 025.0000.0000, 
and less than 

(600)* = 1296.0000.0000 ; 

its root must, therefore, be between 500 and 600 ; and the 
first figure on the fefl of the root must be 5, or we may con- 
sider the first term of the root as 500, and the other terms 
are obtained by the application of the rule as follows ; - 

795.0200.5521 1500 + 30 + I = 531. Ans. 
(500)4 :== 625.0000.0000 

1st Rem. 1 70.0200.552 1 {500000000 =^ 4 X (^0) ^ = Divisor. 

(530)4 = 789.0481.0000 

2d Rem. 5.9719.5521 1500000000 

(531)4 ^ 795.0200.5521 

3d Rem. 

13 
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But as the only object is to obtain the saccessiTe figures 
of the root, it is unnecessary to use so many cyphers, and the 
process may be thus written^ more briefly, 

795.0200.5521 1 531 
5* = 625 



1st Rem. = 1700+1500 == 4 X 5^ = Dmaor. 
(53)* = 789.0481 



2d Rem. = ;'5.97 + |595,+ = 4 X (5,3)3. 
(531)* = 795.0200.5521 

3d Rem. = 0. 

This method may be applied to any other case, and gives 
the following rule. 

To find any root of a given number, 

- Point off the number into periods beginning with 
the place of units, each period containing the num^ber 
of places denoted by the exponent of the power. 

Find the greatest integral power contained in the 
left hand period ; and the root of this power is the 
left hand figure of the root. 

Raise the figure thus found of the root to the power j 
whose ea:ponent is less by one than that of the required 
root, and multiply this power by the exponent of the 
root ; this product is the divisor. 

Raise the part of the root already found to the 
power denoted by the exponent of the root, subtract 
this power from the left hand period of the given 
number, bringing down the first figure of the next 
period for the remainder. 
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Divide t/Us remainder by the divisor j and the quo- 
tient is usually the next figure of the root; but not 
always^ for sometimes the quotient is Dne, twOf or even 
m>ore units larger than the next figure ^ and in this 
case the next figure is to be found by trial. 

Raise the part of the root thus found to the power 
denoted by the exponent of the root, subtract this 
power from the two left hand periods of the given 
number, and write down only one place farther ad- 
vanced of the remainder than there was in the precedr 
ing remainder. 

Proceed in this way to find the remaining figures 
of the root, writing down in each case one place nWTe 
of the remainder than was written in the preceding 
remainder. But it is more accurate to use a divisor 
obtained from the two first figures of the root, the sec- 
ond figure being regarded as a decimal place. 

The second divisor was thus found in the last process. 

143. Corollary. ' The same method may be applied 
to decimal numbers, taking care to begin the division 
into periods with the decimal point. 



EXAMPLES. 

1. Find the 3d root of 75686967. Ans. 423. 

2. Find the 3d root of 128787625. Ans. 505. 

3. Find the 3d root of 20548344^01. Ans. 5901. 

4. Find the 3d root of 512768384064. Ans. 8004. 

5. Find the 3d root of 524581674,625. Ans. 806,5. 

6. Find the 3d root of 1003,003001. Ans. 10,01. 

7. Find the 3d root of 0,756058031. iiii5. 0,911. 
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6. Find the 3d root of 0,000003442951. Ans^ 0,0151. 
9. Find the 5th root of 4182272Q2051 . Ans. 21 1 . 

10. Find th« 4th root of 75450765,3376. Ans. 93,2 

11. Findthe 5th root of 0,000016850581551. ^its. 0,111. 

12. Find the 4th root of 2526,88187761. Ans. 7,09. 

144. Corollary, The roots of fractions can be found 
by reducing them to their lowest terms, and extract- 
ing the roots of their numerators and denominators 
separately. 

The roots of mixed numbers can be found by re- 
ducing them to improper fractions. 

TRXAXfLES. 

1. Find the 3d root of |{. Ans. |. 

2. Find the 3d root of ^^. Ans. f f . 

3. Find the 3d root of ■^■^. Ans. ^. 

4. Find the 3d root of 6^§^. Ans. ]|^. 

5. Find the 4th root of 3^{. Ans. 1^. 

145. C&roUary. We obtain, in the same way, from the 
rule for the extraction of the square root the following rule. 

To extract the square root of a number, divide it 
into periods of two figures each, beginning with the 
place of units. 

Find the greatest square contained in the left hand 
period, and its root is the left hand figure of the re- 
quired root. 

Subtract the square of the root thus found from the 
Ufi hand period, and to the remainder bring down 
ike second period for a dividend. 
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Double the root for a divisor ^ and the quotient of 
the dividend exclusive of its right hand figure^ divided 
by the divisor y is the next figure of the required root; 
which figure is also to be placed at the right of the 
divisor. 

Multiply the divisor, thus augmented, by the last 
figure of the root, subtract the product from the divi- 
dend, and to the remainder bring dowrp the next period 
for a new dividend. 

Double the root now found for a new divisor and 
continue the operation as before^ until all the periods 
are brought^ down. 

EXAMPLES. 

1. Find the square root of 28111204. 
'Solution, The operation is as follows : 



28.11.12.04 
25 



5302 a Ans. 



1st Rem. 311 1 103 1st Drvisor. 
3091 



2d Rem. 212 I 106 2d Divisor. 



3d Rem. 21204 i 10602 3d Diyisor. 

212041 



4th Rem. 0. 

2. Find the square root of 61009. Atis. 247. 

3. Find the square root of 57198969: Ans. 7563. 

4. Find the square root of 1607448649. Ans. 40093. 

5. Find the square root of 483035844iQ6084. 

Ans. 6950,078. 

13* 
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6. Find the square root of 0,000356. Ans. 0,016. 

7. Find the square root of fff . Ans. |f . 

8. Find the square root of 1{^. Ans, 1^. 

146. Corollary. When there is any remainder after 
the processes of arts.* 142 and 145, it shows that fhe 
giTen numbers are not exact powers ; so that the roots 
obtained, instead of being the roots af the numbers 
themselTes, are those of the greatest squares con- 
tained in the numbers. 

Bui by the annexing of cyphen fo the tight of the 
given number, decimal places may be obtained in the 
root J and the roots thus found will differ less and 
less from the required root* 

EXAMPLES. 

1. Find the 3d root of 1345 to two places of decimals. 

JSolution. The operation is as follows { 

1.345,000.000 1 11,03 + Ans. 



313 



1331 



1|3,6 
1331,000 

14 I 3,6 
1341,919737 

3,060273 Remainder. 
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2, Find tbe square root of 5 to 3 places of decimals. 

Ans. 2,236 +. 

8. Find tbe square root of 101 to 3 places of decimals. 

Ans. 10,049 +. 

4. Find the square root of 9,6 to 3 places of decimals. 

Ans. 3,098+. 

5. Find the square root of 0,003 to 5 places of decimals. 

Ans. 0,06477+. 

6. Find the 3d root of 12 to 3 places of decimals. 

Ans. 2,289 +. 

7. Find the 3d root of 28,25 to 3 places of decimals. 

Ans. 3,046+. 

147. Corollary. The roots of vulgar fractions and 
mixed numbers may in the same way be computed in 
by first reducing them to decimals. 



EXAMPLES* 

1. Find the square root of i^ij- to 4 places of decimals. 

Ans. 0,2425+. 

2. Find the square root of -ji^ to 3 places of decimals. 

Ans. 0,646+. 

3. Find the square root of If to 2 places of decimals. 

Ans. 1,32 +. 

4. Find the square root of llf^ to 3 places of decimals. 

Ans. 3,418 +. 

5. Find the 3d root of f to 3 places of decimals. 

Ans. 0,873 +. 

6. Find the 3d root of f to 3 places of decimals. 

Ans. 0,941 +. 
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A Fraction it not the Root of an Integer. 



7. Find the 3d root of 15f to 3 places of decimals. 

Ans. 2,502 +. 

148. Scholium. It might be thought that, though a given 
integer has no exact integral root, it still maj have an exact 
fractional root, which is not obtained by the preceding pro- 
cess. 

But this is readily shown to be impossible, for suppoere 
the fractional root, when reduced to its lowest terms, to be 

A 

the nth power of this root is 

A* 

since A and B have no common divisor, and since every 
prime number which divides *il" must divide Ay and every 
prime number which divides B* must divide B, it follows 
that there is no prime number which divides both A* and 
B^, and, therefore. A" and JB" have no common divisor ; so 
that the fraction 

A* 
. B^' 

is already reduced to its lowest terms, and cannot be an* 
integer. 



SECTION V. 
Binomial Equations. 



149. Definition. When an equation with one un» 
known quantity is reduced to a series of monomials, 



X* = 
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and all its terms which contain the unknown quan- 
tity are multiplied by the same power of the unknown 
quantity, it may be represented by the general form 

Asf" + M = 0, 
and may be called a binomiai equation. 

150. Problem. To solve a binomial equation. 
Solution. Suppose the given equation to be 

■ 
Transposing Jf and diyiding by j1, we ha?e 

M 

A' 
the fith root of which is 

Hence, find the value of the power of the unknown , 
quantity which is contained in the given equation^ 
precisely as if this power were itself the unknovm 
quantity ; and the given equations are of the first de^ 
gree. Extract that root of the result which is denoted 
by the index of the power, 

151. Corollary, Equations containing two or more un- 
known quantities will often, by elimination, conduct to bino- 
mial equations. 

EXAMPLES. 

1. Solve the* two equations 

aJ y"' + 2y7 _ 4y3 _ 8 a; + 16 = 0, 

x9y7 _ 4y7 _ 4 xy3 ^ 8y3 + 3ax — 64 = 0. 



1 
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. , . ^ » 

/Solution, The elimination of y between these two equa- 
tions, by the process of art. 1 Id, gives 

8 2^ _ 33 — 0, 
whence we ha?e 

22 = 4, 

Now the value of x, 

2 = +3, 

being substituted in the first of the given equations, pro* 
duces 

4y7_4y3^0j 
which is satisfied by the value of y, 

y = a; 
or if we divide by 4y3^ ^e have 

y* - 1 = 0, 

4 

y = Vl =^ zfc 1 or = ± \/ — 1, as will be 
shown when we treat of the theory of equations. 

Again, the value of x, 

2 = — 2, 

being substituted in the first of the given equations, pro- 
duces 

— 4y3+32 = 0, 

whence we have 

y« = 8, 

y=2or = — 1± V— 3, 
as will be shown in the theory of equations. 

2. Solve the equation 

3 22 + 2"x = xa + 2 « + 18. 

Ans. g = -4- 3. 






r 
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3. Solve the equation 

2a;— 7 _ x + 1 
x—i ~2x + 7* 

Ans* g = -4- 4. . 

4. Solve the equation 

, l_i 26 ' 

X + - =? -5 1. 

^n5 X = 3. 

5. Solve the equation 

a;8.-|-a;-|-8 x^ + X — S 

i3 + 4 ^ x3 — 4 ^ ^* 

i4«5. 2 = ± 2 

6. Solve the equation 

V(2x + 2) = +1. 

Ans. a; = db 1. 

7. Solve the equation 

Ans, a; = 0, or a; =: ± 3. 

8. Solve the two equations 

a;3-|-y6 = 2o, 
aj3 — y* = 2 6, 

3 5 

iln5. z = /y/ (a -|- 6), y 2= ^ (a — b), 

9. ^olve the two equations 

y6 _33y3 + x* — I7a;2 = 0, 
y6 ^ i7ya +x* — 33z2 = 0. 

ilns. X = 0, and y = ; 
or a; = i 5, and y = 2. 

10. What number is it, whose half multiplied by its third 
part, gives 864 ? Ans. 72. 
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1 1. What number is it, whose 7th and 8th parts multi- 
plied together, and the product divided by 3, gives the quo- 
tient 298§? Ans. 224. 

12. Find a number such, that if we first add to it 94, then 
subtract it from 94, and multiply the sum thus obtained by 
the difference, the product is 8512. Ans, 18. 

13. Find a number such, that if we first add it to a, then 
subtract it from a, and multiply the sum by the difference^ 
the product is b, Ans, \/ (a* — 6). 

. 14. Find a number such, that if we first add it to a, then 
subtract a from it, and multiply the sum by the difference, 
the product is b. Ans. V («* + *)• 

15. What two numbers are they whose product is 750^ 
and quotient 3^ ? Ans. 50 and 15. 

16. What two numbers are they whose product is a, and 

quotient 6? . / . j #« 

^ Ans. ^/ ah and h/-. 



17. What two numbers are they, the sum of whose squares 
is 13001, and the difference of whose squares is 1449 ? 

Ans. 85 and 76. 

18. What two numbers are they, the sum of whose squares 
is a, and the difference of whose squares is ( ? 

Ans. ^^ (a -|- 6) and /%/ j-(a — b). 

19. What two numbers are to one another as 3 to 4, the 
sum of whose squares is 324900? Ans. 342 and 456. 

20. What two numbers are as m to n, the sum of whose 

squares is a? m ^ a * n s/ <^ 

Ans. — T-. — z — : — rr and 



21. What two numbers are as m to n, the difference of 

whose squares is a? m^ a , ns/ a 

Ans. — T-. — r z-r and 



^(»|2_„2) VC"*^ — «^)' 
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^. A certain capital is let at 4 per cent. ; if we multiply 
the number of dollars in the capital, by the number of dol- 
lars in the interest for 5 months, we obtain 117041^. What 
is the capital ? Ans. ¥2650.- 

23. A person has three kinds of goods, which together 
cost $5525. The pound of each article costs as many dol- 
lars as there are pounds of that article; but he has one 
third more of the second kind than he has of the first, and 
3^ times as much of the third as he has of the second. 
How many pounds has he of each? 

Ans. 15 pounds of the first, 20 of the second, 
and 70 of the third. 

24. Find three numbers such, that the product of the 
first and second is 6, that of the first and third is 10, and 
the sum of the squares of the second and third is 34. 

Ans. 2, 3, 5. 

25. Find three numbers' such, that the product of the 
first and second is a, that of the first and third is b, and 

that of the second and third is c. 

. .ab ac be 

Ans. V — I Vt"* ***" V — • 

CO a V 

26. What number is it, whose third part, multiplied by its 
square, gi?es 1944 ? Ans. 18. 

27. What number is it, whose half, third, and fourth, 
multiplied together, and the product increased by 32, gives 
4640? Ans. 48. 

28. What number is that, ^ik of whose fourth power di- 
Tided by it, and 167 subtracted from the quotient, gives the 
remainder 12000? Ans. 11}. 

29. Some merchants engage in business ; each contributes 
% thousand times as many dollars as there are partners. 

* 13 
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Cases of imaginary Solutions. ^ 

Thejr gain in this business 82560 ; und il is found that this 
gain is exactly half their own number per cent. How many 
merchants are there? Ans. 8. 

30. Find three numbers such, that the square of Che first 
multiplied by the second is 112,* the square of the second 
multiplied by the third is 588 ; and the square of the third 
multiplied by the first is 576. An$. 4, 7, 12. 

162. Corollary, When the solution of a problem 
gives for either of its unknown quantities only imagi- 
nary values, the problen^ must be impossible. 

EXjUfPLE. 

* In what case would the value of the unknown quantity in 
example 13 of art. 151 b^ imaginary 1 and why should the 
problem in this case be impossible 1 

Ans. When b > a*, 

that is, when the product of the sum and differ- 
ence is required to be greater than the square of a. 
Now if the required number is x, this product is 

(a + x) (a — 2) = a2 — x^ ; 
and, therefore, less than a^. 



^ 
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£qtiatioii9 of the Second De^;rte, 



CHAPTER V. 

JEquations of the Second Degree. 

153. It may easily be shown, as in art. 89, that 
any equation of the second degree with one unknoum 
quantity^ may be reduced to theforfn 

i4a?2 + fia? + Af = 0, 

in which Ax^ denotes the aggregate of all th^ terms 
multiplied by the second power of the unknown 
quantity, Bx denotes all the terms multiplied by 
the unknown quantity itself, and M denotes all the 
terms which do not contain the unknown quantity. 

164. Problem. To 9olv.e an equation of the second 
degree vnth one unknown quantity. 
Solution. Having reduced the gi?en equation to the form 

we could easily reduce it to an equation of the first degree, 
bj extracting its square root, if the first member were a 
perfect square. 

But this cannot be the case, unless the first term is a per- 
fect square ; the equation can, however, always be brought to 
a form in which its first term is a perfect square, by multi- 
plying it by some quantity which will render the coefficient of 
the first term a perfect square, multiplying by this coefficient 
itself, for instance ; thus the given equation moltiplitd by A 

becomes 

A^x^ + ABx + AMzzzO. 
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Equations of the Second Degree. 

Now that the equation is in this form, we can readily 
ascertain whether its first member is a perfect square, by 
attempting to extract its root, as follows : 

A^x^+ ABx + AM\Ax + iB. Root 
A^ x» ' 



ABx+AM 
ABx + \B^ 



2Ax 



AM—iB^ Rem. 

so that the first member is a perfect square only when the 
remainder is zero, that is, 

AM—iB^ = 0; 

and, in every other case, 

Ax + iB 

is -the root of the square which differs from it by this re- 
mainder, that is, 

A^x^+ABx-^AM= {Ax+iBy + AM—iB^ =0; 
or, transposing AM — iB^, we have 

(.4 X + JjB)2 = iB^ —AM. 
Now the square root of this last equation is 

Ax + iB=:±A/{iB^ — AM)\ 
which, solved as an equation of the first degree, gives 
^ —iB±^^{iB^ — AM) 
'= A- ^ 

_ —Bzt:V{B^ — ^AM) 
"" SA 

in which either of the two signs -|- or — , may be used in 
the double sign :i=, and we thus have the two roots of the 
given equation 

_ —B+A^{B^ — 4AM) 

2-4 
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Imaginary Aoot*. 



and 

^=- 2A- • 

The equation 

{Az + JJB)2 = iB^ — AM, 

which is the same as 

A^x2 + ABx + iB^ = iB^ —AM, 

is obtained immediately from the equation 

A^x^ + ABx + AM=0, 

by transposing A M to the second member, and adding 
j- B^ to both members. Hence 

To solve an elation of the second degree with <me 
unknown quantity. 

Reduce it as in arts, 85 and 88, transposing all the, 
terms which contain the unknown quantity io the fifst 
member J and the other terms to the second member. 

Multiply the equation by any quantity, (the least is 
to be preferred j) which will render the coefficient of 
the second power of the unknown quantity an exact 
square. 

Add to this equation the square of the quotient, ari- 
sing from, the division of the coefficient of the first 
power of its unknown quantity, by twice the square 
root of the coefficient of the second power of its un- 
known quantity. 

Extract the square root of the equation thus aug- 
mented, and the result is an equation of the first de- 
gree, io be solved as in art. 90. 

154. Corollary. When we have 

B^--^4AM 
13* 



^ 
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Examples of Equattons of the Second Degree. 



a negative quantity, that is, 

the roots of the given equation are imaginary. 



EXAMPLES. 

1. Solve the equation 

48 _ 165 
24-3"" 2+10 ' 

Solution. This equation, reduced as in arts. 86 and 88, is 

5x2 _52x+ 135 = 0; 
which, muhipHed by 5, becomes 

25a;2_260z = — 675. 
Completing the square, we have 

s 

25x2 _ 260a; + 676 = 676 — 675 = 1, 
the square root of which is 

5a;_26 = dbl; 
hence a^ = i (26 ± 1) = 5| or = 5. 

2. Solve the equation 

V(2 X + 7) + V(3x — 18) = V(7a: + 1). 

Solution. This equation, being freed from radical signs, 
as in art. 128, becomes 

5 aj2 — 27 X — 162 = ; 

the roots of which are 

X = 9, or X == — 3f . 

3. Solve the two equations 

(y» + 6) y + 16 (. _ 4) = ^!zZil^|_-H?:. ■ 

X — 2 
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Solution. If we proceed to eliminate y between these two 
equations, by the process of art. 116, the remainder of the 
first division is , 

(x2_6a;+5)y2— (1022—60 a;+50)y+24a;S— 144 a4-120, 
in which 

' 4 

is a factor of each of the coefficients of y, and y^, and of 
the terms which do not contain y. 

Before suppressing this factor, we must see whether, as 
in art. 118, it may not. be equal to zero, in whioh case we 
have 

xa — 6 a; + 5 = 0, 

the roots of which are 

X = 5, and z = I 

Now if the value 

. a; == 5 

is substituted in the given equations, each of them becomes 

y3_5y2 + 6y = 0, 

which is satisfied by the value 

y = o, 

or, dividing by y, we have 

ya— 5y + 6=0, 

the roots of which are 

y = 2, and y = 3. 
But if the value 

is substituted in the given equations, each of them becomes 

y3_5y2 +6y = 0, 

which is the same as the preceding equation, and gires 
therefore the same values of y. 
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Examples of EquatioDs of the Second Degree. 

Having thos obtained all the rootn of the ghreto eqaafion 
eorresponding to 

2;2 — 6 a: + 5 = 0, 

we may omit this factor of the above remainder , and it be* 

comes 

y2 — lOy+24; 

and as this does not contain x, it .is unnecessary to proceed 
farther in the elimination of t/, but we may obtain the roots 
of the equation 

y2 _ 10-y + 24 = 0, 

which are 

y = 4, and y ^6, 

and substitute them in the given equation to obtain the cor- 
responding values of X. 

Thus, if the value 

is substituted in the given equation s, each of them becomes 

5 2:« — 48 a; + 61 = 0, 
the roots of which are 

' a: =; i (24 ± \/171). 
But if the value 

y = 4 

is substituted in the given equations, each of them becomes 

« — 2 =:= 0, 

whence 

2 = 2. 

The answer, therefore, is 

* = 5, or = 1 , in either of which cases, y = 0, or = 2, or = 3 ; 

Of xs=3-J^(24db>v/171),in which case, y = 6; 

orx = 2, in which case, y=: 4. « 



r 
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4. Solve the equation 

»» + 8 X = 209. 

Ans^ X = 11, or — 19. ' 

5. Solve the equation 

4a;2 _9aj — 5a;2 _255f — 8a;. 

Ans, X =■ 15J, or = — 16J. 

6. Solve the equation 

. X ___ 7 
2+60"" 3x — 5* 

. Ans, X = 14, or = — •' 10. 

7. Solve the equation 

8x _g_20 



x + 2 3x 

Ans, x = 10, or = — §. 

8. Solve the equation 

2x + 3_ 2x _ . 
10 —x"" 25— 3x *• 

Ans. X = 13Jf , or = 8. 

9. Solve the equation 

9Ai/{n2 — 8x) = 19 + \/(3tc + 7). 

Ans. X = 6, or = 11,8368. 

10. Solve the two equations 

2 X + 3 y = 1.18, 
5 a;2 _ 7 y 2 _ 4333. 

Ans. X = 35, and y = 16, 
or X = — 229^y, and y = 192^. 

11. Solve the\wo equations 

a;2 _ y X + 9 == 0, 
ya x2 — y3 a; _j« 144 y — 540 = 0. 

Ans. y = 6, and x = 3 ; 

or y = 10, and x = 9, or = 1. 
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12. Solve the three equalioQS * 

xy z = 105, 

X + y + « = 7, 

y * + a^ y — 7 y — X + 22 = 0. 

Ans. X = 15, y = — 1, z = . — 7 ; 
or X = 15, y = — 7, z = — 1 ; 

or X = 7, y=+\/15>« — — V^S; 
or X = 7, y = — \/15, x = +\/15. 

13. What two numbers are they, whose sum is 32, and 
product 240 ? Ans. 12 and 20. 

14. What two numbers are they, whose sum is a, and 
product 6? 

Ans. ia + >v/(ia^ — h), and Ja — V(i«^ — *)• 

In what case would the values of these unknown quanti- 
ties be imaginary ? 

Ans. When we hare 

that is, * > ( J a)' ; 

that is, the product of two numbers cannot be 
greater than the square of half their sum. 

15. What two numbers are they, whose difference is 5, 

and product 24 ? 

Ans. 5 and 3 ; or — 3 and — 5. 

16. What two numbers are they, whose difference is a, 
and product bl 

Ans. iad=\/(ft+i«^). and — Ja±\/(^ + ia*)• 
17. Find a number, whose square exceeds it by 306. 

Ans, 18, or — 17. 

18. A person being asked his age, answered, ' Hy mother 
was 20 years old when I was born, and her age multiplied 
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by mine, exceeds our united ages by 2500J What wi^ his 
age ? An$, 42. 

19. A person buys some pieces of cloth, at equal prices, 
for 960. Had he got three more pieces for the same sum, 
each piece would have cost him $1 less. How many pieces 
did he buy? {-■.>• - n^/''^^- ' Ahs. 12. 

20. A person^Si^eS^ lepVing^children, and a fortune of 
$46800, which, by the will, is to be divided equally amongst 
them. It happens, however, that immediately after the 
death of the father, two of his children also die. If, in 
consequence of this, each remaining child receives $1950 
more than it was entitled to by the will, how many children 
were there ? Ans. 8. 

21. Twenty persons, men and women, spent $48 at an 
inn ; the men $24, and the women the same sum. Now, 
on inspecting the bill, it is found that the men have to pay 
$1 each more than the women. How many men, therefore, 
were there in the company ? Ans. 8. 

22. What two numbers are they, whose sum is 41, and 
the sum of whose squares is 901 ? Ans. 15 and 26. 

23. What two numbers are they, whose sum is a, and the 
sum of whose squares is 6 ? 

Ans. ^a + J\/(26 — a*), and Ja— iV(26 — a^). 

In what case would the values of these unknown quanti- 
ties be imaginary? 

Ans, When we have 

a* > 2 6 ; 

that is, the square of the sum of two numbers can- 
not be greater than twice the sum of their squares. 
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24. What two numbers are they, whose difference is 8, 
and the sum of whose squares is 544? 

Ans, 12 and 20 ; or — 12 and —20. 

25. What two numbers are they, whose difference is a, 
and the sum of whose squares is 6 ? 

Ans. ia±i\^2b — ««, and —,ia±:i\^2b — a^. 

In what case would the values of these unknown quantities 
be imaginary ? 

Ans. When we have 

a2 > 2 6 ; 

that is, the square of the difference of two num- 
bers cannot be. greater than twice the sum of their 
squares. 

26. Divide the number 39 into two parts, such that the 
sum of their cubes may be 17199. Ans, 15 and 24. 

27. A person being asked about his yearly income, (an- 
swered, *,My income is such, that if I a<Jd $1578 to it, and 
also subtract $142 from it, and extract the cube roots of the 
numbers thus 'obtained, the difference between the roots is 
10.' What was his income t Ans. $150. 

28. Find two numbers, whose difference added to the 
difference of their squares, makes 150, and whose sun/ added 
to the sum of their squares. Is 330. 

Ans, The one is 15, or — 16 ; 
the other is 9, or — 10. 

29. What two numbers are they, whose sum, product, 
and difference of their squares, are all equal to each other t 

Ans. i(3±V5), and i(l=h\/5). 

30. Find a number consisting of three digits, such, that 
the sum of the squares of the digits, without considering 
their position, may be 104 ; but the square of the middle 
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digit exceeds twice the product of the other two^ by 4 ; 
farther* if 594 be sabtracted from the number sought, the 
three digits are inverted. . ' Ans. 862. 

•J 

166. Corollary. The preceding method is not only 
applicable to equations of the second degree, but to 
all equations of the form 

Aa^"" + Bx* + M = 0/ 

ia which there are two terms multiplied by different 
' powers of t, the highest exponent being the double of 
the lowest ; and n may be either integral or frac- 
tional. 

EXAMPLES. 

1. Solve the equation 

^a;2»-f JBx* -f if = 0. 

Solution. If the square is completed, as in the preceding 
article, and the square root extracted, the result is 

from which we obtain, by art. 150, 

^ = /- JB ± V(- A M + ^B^) \i 

2. Solve the equation 

2* _ 74 a;2 =^ — 1225. 
f *"** Ans, aj = ± 6, or s=s ::t 7. 

3. Solve the equation 

3 xe -f 42 a;3 = 332L 

3 

Ans, a: =c 3, or = — \/4l. 
15 
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4. Sdre th* eqaation 

4 

5\/z — \/x = 6. 

Alts. % = 16, or 8K 

5. Solve the equation 

Ans^ X = 4, or 60» 

6. Solve the equation 

, + 16 — 7 (« + 16)* = la — 4 (x 4^ 16)* 

Ans. x = 9, or — 12. 

7. Solve the equation 

X* — x = 2x* 

Ans, X = Oy or 1, or 4, 

8. Solve the equation 

x« — « * = 56. 



Ans. X = 4, or ( — 7)'. 



9. Solve the eqiiation 



2* + X * = 756. 

Ans. X = 243, or (— 28)^ 

10. Solve the equation 

(x« + 5)2 — 4 x« = 160. 

Ans. X = 3, or v^ — 15. 

11. What two numbers are they, whoqe product ia 255, 
and the sum of Whose squares is 5141 

Ans. 15 and 17, or • — 15 and — 17. 

12. What two numbers are they, whose product is a, and 
the sum of whose squares is 6. 

Ans. =fcV[i6 + V(i6^ — «^)], 
and =fc V[i ^ — V (i ** — «")]. 
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13. What number exoeads tts.aqoare root by 20. 

Ans. 25. 

14. What number is it, the excess of whose square above 

its square root is equal to 56 divided by the number? 

3 
Ans. 4 or — >v/49. 

156. There are equations of higher degrees, which 
can be reduced to equations of the second degree by 
introducing other unknown quantities instead of those 
' contained in ^hem. Thus if the same algebraic ex- 
pression is involved in different ways, it will pften be 
found successful to consider this expression as the 
unknown quantity. 

EXAMPLES. 

m 

1. Solve the two equations 

(x2-.23y)3 + (a;2— 23y)2 + (x2— 23y)(x— 3y)aail8, 

Solution, Consider 

(x2 — 23y), and(x — 2y), 

as the unknown quantities, making 

x' = x«— 23y, 
y' = z — 2y; 

and the equations become 

x'3 -f a/2 +x'y'= 18, 

x'a+y = 7. 

Hence, by the elimination of y, we have 

z'2+7x'==18, 
and, therefore, 

x' =2, or =—9; 
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Examples of Substitution of UDknown Quantities. 

- • 

and the corresponding vakiQis of y' are 

y = 3, or = — 74; 
that is, 

x2 _ 23y = 2, or = — 9, 

X — 2 y = 3, or = — 74. 
The solution of these eqaations gives 

a; = 5, y = 1 ; 
or, a; = 6^, y = If; 
or, x = i(23d=>v/14001), y==i(319if V14001). 

2. Solve the equation 

X + (x + 6)* = 2 4- 3 (x + 6)* 

Ans, X = 10, or — 2. 

3. Solve the two equations 

(^ + y) + (« + y)^-^i2 

x3 + y3 = 189. 
Ans. X = 5, or = 4 ; y = 4, or = 5. 

157. Corollary. When there are two unknown 
quantities which enter symmetrically into the given 
equation, the solution is often simplified by substitut- 
ing for them two other unknown quantities, one of 
which is their product and the other their sum. 

r 

* EXAMPLES. 

1. Find two numbers whose sum is 5, and the sum of 
whose fifth powers is 275. 

Solution, Let the numbers be x and y, represent their 
product by p, and we have 

« + y = ^» 

x* + y» = 275. 
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But we also have 

= x6+y5+5xy(x»+y») + 10x»y»(a:+y); 
and 

x»+y3 =(x+y)3— 3xay— 3xy« 

-=(x+y)a^— 3xy(x+y) 

= 125 — 15 p. 

Hence 

(x+y)&=275+5p(125— 15ii) + 10ii»X5=5»; 

or, by reduction, 

ii=19, ors:6; 
and 

x'= 2, or = 3, or = i (6 ± \/— M)f 
y = 3, or = 2, or = J(5 =F^Ar W). 
3. Solve the two equations 

(* - y) (x» — ya) = 7. 

{=«+y)(>=» + y«) = i76. 

SobUion. These equations become, by development^ 

a;3 _ aj2 y _ aj y2 ^ yS — : 7^ 

a^' + *^ y + «y* +y' = i75; 

and, by the substitution of 

« + y = «» 

»y = p; 

they still farther become, 

53 — 45 1, an 7, 

5» _ 25p « 17& 
If we eliminate p, we have 

s» » 343, 

16* 
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• whence 

and this value gives,. by substitution, 

343 _ 14jp = 175, 

Hence z =;= 3, or = 4; ^ r,^^-. 

y = 4, or = 3. ^ • . : 

3. Solve the two equations . z ' 



V* 



•♦ ' 






z + y = z y, 

Am. z==2,or=r J(— 3±>v/21)^ 
y==2,er«J(— 3=fV21). 

4. Solve the two equations \ 

X^ Ji^yZ :rr. 189, 

^zay + zy3 = 180, 
^5,"^ ilns. zsr:4, or=:5; 

y =: 5, or = 4. 

5. Sdlve the two equations 

za -^y^^^, 
zy = 2. 

Ans. z s= db 2, or =« d= 1 ; 
y = =h 1, or = d= 2. 

6. Solve the two equations 

z^ y + z ya =:i 6, 
z» y2 + z* y 3 == 12. 

.4»5. z= 1, or =2; 
y = 2> or 5= 1. 

7. Solve the two equations 

4 z y == 96 — za y2, 

z + y = 6. 

Am. z = 2, or 4, or 3 ± \/81 5 
y = 4, or 2, or 3 qp V*l' 
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8. Find two numbers such, th'at their sum and prodact 
may together be 34, and the suip of their squares may ez« 
ceed the sum of the numbers themselves by 42, 
Ans. 4 and 6 ; . 

or i(_ll-f >^_59), and J(— 11— V— ^9). 

O. What two numbers are tjiey, whose sum is 3, and the 
ram of whose fourth powers is 17^? 
Ans. 2 and 1 ; . 

or ^(3 + V— 55), and ^(3 — ^—55)- 

10. What two numbers are they, whose product is 3, and 
the ram of whose fourth powers is 82? 

Ans. zh 1, and i 3; 

or ±V — 1, and =p V — ^' 

if 

168. Corollary. In many cases, in which two un- 
known ^ quantities enter into the given equations 
symingietrically except in regard to their signs, the 
solution is simplified by substituting for them two 
other unknown quantities, one of which is their dif- 
ference, and the other is their sum or their product. 

EXAMPLES. 

1. Solve the two equations 

(a: _ y) (xa + y2) ^ 13, 

(aj — y) a; y = '6. 
Solution. These equations become, by the substitation of 

« — y = ^ 



n 
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■ !■■■ I.II.I..I I ^i^l^^»^^^ 

By the eliminatioa of p, we have 

whence we find 

p = 6, 
and 

2 = 3, or = —2; 

y =s 2, or =: — a 

3. Solre the two equations 

X3 + yS 5= 91 (a; _ y). 

SoluHon, These equations become, by the sabethutioa of 

2 — y =/; 
s r = 7, 

Hence, by the eiimination of I, we have 
,4 _ 2401 = 0, 

$ = V2401 = ± 7, or = rb .7 V— 1 ; 

< = ±1, or ssr =F\/ — 1. 

« = rb 4, or = ± 3 V — 1 ; 
y6«db3, or = =b4>v/— 1. 

8. Solve the two equations 

X3 y3 s= 7^ 

(xa + ya) (x — y) ^ (z — y) xy = 8. 

Ans* X = 2, or aas — 1 ;. 
y =s 1, or = — 2. 

4. Solve the two equations 

x« — y» = 216, 

*'' + «y + y» = '*3. 

iln«. X 2=: 6, or = — 1 ; 
y = 1, or =s — 5. 



r 
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Examples of Substitution of Unknown Quantities. . 

5. So!?e the two equations 

a;3 y — x2 y2 -f- xys = 156, 
'xy{x^^y^)^^x^y^{x — y) + {x — y)^ = l57. 
Ans. 2 = 4, or = — 3, or == ^ ( 1 d= V — 51)» 
y=3,or= + 4,or==J(-.l=b\/— 51); 

or z = ±4 v(—"i^''± 2^/(624 + 157*))* 4- 78^, 

y = ii\/(— "157'* =b2^/ (6244-157*))*— 78^. 

6: What two numbers aie they, whose diflereQce is I, 
and the difference of whose third powers is 7 ? 

Ans, 1 and 2, or — 2 and — 1. 

7. What two numbers are they, whose difference is 3, 
and the sum of wiiose fourth powers is 257 1 

Ans, 4'and 1, or — 4 and — 1, 
orJ(zb\/{-79) + 3)andi(±V(— 79) — 3). 

159. When the first member of one of the equa- 
tions, reduced as in art. 88, is homogeneous in regard 
to two unknown quantities, the solution is often sim- 
plified by substituting for the two unknown^ quanti- 
ties, two other unknown quantities, one of which is 
their quotient. 

The same method of simplification can also be 
employed when such a homogeneous equation is 
readily obtained from the given eqiiations. 



EXAMPLES. \ 

• j 

I 

1. Solve the two equations 

a;a _6a;y + 8ya = 0, 
««y + 6xya+8y» + (x— 2y){ya_5y.f4)=0. 
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Solution, Retaining the unknown quantity y, introdoce 
instead of z, the ilnkoQ.wn quantity q, such that 

z 

or X =:qtf; 
firom which the given equations become 

J^y«— egy^+8y3 + (gy— 2y)(y2— 5y+4) = 0. 
Both th^se equations are satisfied by the value of y, 

y=o, 

whence z = g y = 0. 

But if we divide the first of these equations by y^, and the 
seoond by y, we have 

5a_6g + 8 = 0, 
jaya_6gy2+8y2 + {iy — 2)(y2— 5y-f4) = 0; 

the first of which gives 

y = 2, or = 4. 
The value of q, 

g = 2, 

being substituted in the other equation, reduces the first 
member to zero, and therefore y is indeterminate ; that is, 
X and y may have any values whatever, with the liroitatioQ 
that X is the double of y. ' 

The value of q, 

q = 4, 

being substituted in the other equation, gives 

5J(y^-5y + 4) = 0; 

whence y = 1, or = 4, 

and 2= 4, or ^ 16. 

2. Solve the two equations 

«5 + 13 ya -= 6, 
x^ ^ 4 xy* = 65. 



J 
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-- — I . , _ 

Solution. 13 times the first eqaatioo, diminished ^by the 
second equation, is 

12a;5 -flSzSya — 4xy* = 0; 

, and, if we make 

we have 

12|y6y» + 13g3y* — 4gy» = 0. 

Which is satisfied by the value of y, 

and this value of jf, being substituted in the given equations^ 

produces 

«* = 5, 

which are evident impossibilities, and therefore the value 
y = is impossible. ~ * 

Dividing, then, by y*, we have 

12|y* -|- i3j3 — 4^ = 0; 

which is satisfied by the value of g, 

g = 0; 

or dividing by g, we have 

12^* + 13(^2 — 4 = 0, 

whence 

^ = =fc ii or gr = ± V — t- 

Now the first of the given equations becomes, by the sub- 
stitution of 

hence, by the substitution of the above values of g, we have 
y = QO, x==OXoo^^ = indeterminate ; 
or y = =fc 2, a; = 1 ; 

5 10 5 • 

or y = =fcV|^X\/— 3, aj=V12jX\/2 = V20. 
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3. Solve the two equations 

81 X* -f 9x2^2 =205^*, 

(y^-y)^+(3xy+2y)2_9z2(2y-f3)— l%(x+2y) = 0. 

ilns. X = 0, , and y = ; 

or X = 2, and y == 3 ; 

or X = -t- 1^, and y = — 2f ; 

or X = — 3^, and y = 4f ; 

or X = §, and y = — 1 ; 

or x = ^(— SiV — 6), andy= l±\/-»-5; 

or x = zhi\/-^5>' and*y = l. 

4. Solve the two equations 

x3 -f-2xy2 =3, 
xy2 4-2x2y = 3. 

Ans. X = 1, and y = 1. 

« 

5. What two numbers are they, twice the sum of whose 
square is 5 times their product, and the sum of whose sixth 
powers is 65. Ans. 2 and 1, or — 2 and — 1. 

6. What two numbers are they, the difference of whose 
fourth powers is 65, and the square of the sum of whose 
squares is 169. Ans, zt: % and db 3* 
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CHAPTER VI. 

Oeneral Theory of Equations, 

r < 

SECTION 1. 
CompositioD of EUjuationa. 

160. Any equation of the nth degree;, with one un- 
known quantity, when reduced as in art, 80, may b€ 
represented by the form 

Aa^ + Bx*-^ + Ct«-2 + ^c. + M = 0. 

if this equation is divided by A, and the coefficients 
•j-» — ,- &c., — represented by a, 6, &c., m, it is reduced to 

161. Theorem. If any root of the equation 
X* -f- ax*— ^ -f- 62»— ^ 4" ^^ + »i = 

w denoted by x', ^Ac ^rs/ member of this equation is 
divisible by x — x\ 

Demonstration, Denote x — x' by xt^l, that is, 

or X = # + x\M 

If this value of x is substituted in the given equation, if 
Px[i] 18 used to denote all the terms multiplied by x\^\ or 

16 
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Form of toy £quatioo. 

by any power of xi^\ and Q used to 4®Q0te the remainuig 
terms, the equation becomes 

Now the given equation is, by hypothesis, satisfied by the 
▼alae of x, 

or iW=0; 

by which the preceding equation is reduced to 

Q = 0. 

The terms not multiplied by xCH, or a power of xl^\ must, 
therefore, cancel each other ; and the first member of the 
given equation becomes 

which is divisible by xi^'i, or its equal x — xf. 

162. Corollary. If the equation 

X* -|- a X*— * + ^c. = 

is divided by x — x\ the first term of the quotient is aJ»— J; 
and if the coefficients of x^—^, x^—\ d&c. in the quotient 
are denoted by a', b\ &c., the quotient is 

x«-^i 4- a'z*-^ -I- b' x»-3 + &,c* ; 

and the equation is, 

(x — X') (x»-i + a'x«--9 + 6'x«-3 + dtc.) == 0; 

which is satisfied either by the value of x, 

x = x', 

or by the roots of the equation 

x*-i + a'x«-« -|- fc'x*-^ + dtc. = 0. 

If now x^' is one of the roots oi this last equation, we may 
have in the same way 

{,5-i-)-a/a-n~3«|.^c.=3(x— x")(x»-<4.a"x«-3+&c.)=0, 
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Number of the Roots ^f aa Equation. , 

an4 the given equatkHi becomea. 

s. 

which is satisfied by the value of z", 

so that x" is a root of the given equation. 

By proceeding in this way to find the roots a/'^^ 
ar"^, &c,, tiie given equation may be reduced to the 
form 

in which the number of factors x ^—x^, x — a/', to. 
is the jsame with the degree n of the given equation ; 
and, therefore, the number of roots of an equation is 
denoted by the degree of the equatiofi ; that is, an equar 
tion of the third degree has three roots, one of the 
fourth degree has four roots^ &c. 

163. SchoKum, Some of the roots x', x"^ x"\ &c. are often 
equal to each other, and in this case the number of unequal 
roots is less than the degree of the equation. Thus the 
number of unequal roots of the equation of the 9th degree, 

{% — 7) (z + 4)3 {x — 1)6 = 0, 

is but three, namely, 7, — 4, and 1, and yet it is to be re- 
garded as having 9 roots, one equal to 7, three equal to — 4, 
and five equd to 1. 

164. Corollary, The equation 



a:** = a 



would appear to have but one root, that is, 

n 
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Imaginftry Roots. 

but it must, by the preceding reasoning, have n roots, 
or rather, the ntk root of a fnust have n differetzt 
values. 



SXAMPLES. 

1. Find the two roots of the equation ^ 

x* = 1. 

Ans. X = 1, or = » — ,1. 

2. Find the three roots of the equattoa 

x3 = 1. 

Solution. Since one root of this eqoation is 

the eqaation 

x» — 1=0 

must be divisible by z — 1^ and we have 

za — 1 = (x — 1) (xa + I + 1) = Q. 

Now the roots of the equation 

"a;* -{- X -^ 1 = 
are 

X = J (-. 1 -f V — 8 >, and = J (— I — V — 3 ). 

Hence the required roots are 

x= 1, ='i (—1 +V-3), and = J (- 1 -V— 3). 

3. Find the four roots of the equation 

X* = 1. 

Solution. The square root of this equation is 

x? = + 1» or = — 1; " ' 
80 that the required roots are 

X == 1, = — 1> = V — 1» and = — V — L 
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Imaginary Roots. 

4. Find the five roots of the equation 

«« = 1. 

m 

Solution, Since one root of this equation is 

a; = 1, * 

the equation 

• is — 1=0 

must be divisible by a; -^ 1, and we have 

Now the roots of the equation 

x* + x3 + «2 _^ a; _^ 1 = 

can be found by the following peculiar process. 
Divide by x^, and we have 

If \ve make 
we have 
and 

*' + ^ = y'-2; 

which, being substituted in the preceding equation, gives 

y»+» — 1 = 0; 

the roots of which are 

y = i(— 1+V5), and=J(— 1— V6). 
But the values of z deduced from the equation 

or 

««— y« = — 1, 

16* 
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Solution of Equations of a peculiar Form. 
ftfO 

in which y» heiDg substituted', gives 

x = i[— I — V5ztV(— 10 + 2V5)], 
and =i[— 1 — V5iV(— 10 — 2\/5)]. 

6. Find the six roots of the equation 

x« = I. 
Ans. »=!, = — 1, = J(— 1± V— 3), 

and = ^ (1 ± V'— 3). 

We might proceed in the same way to higher equations, 
such as the 8th, 9th, 12th, &c. ; but, since much more 
simple solutions are given by the aid of trigonometry, this 
subject will be postponed to a more advanced part of the 
course. 

. 166. Corollary. Before proceeding farther, we may 
remark that the method of solution used in the last 
example of the preceding article may be applied to 
any equation of an even degree, in which the succes- 
sive coefficients of the different powers of x are the 
same, whether the equation is arranged according to 
the ascending or according to the descending powers 
of s, as is the Case in the following equntion. 

+ Cw^+Ms^ + A = 0. 

i 

EXAMPLES. 

1. Solve the equation 

Ax^ + Bx^ + Cx^ +BX + A — 0. 
Solution, Divide by x^, and we have 
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and, if we make 

.1 

we haye 

and 

the roots of which are 

_ —iB^V{2A^ — AC+iB2) 
^ "" A . ' - 

which are to be substituted in the Tallies of x^ 

deduced from the equation 

,1 

% Solve the equation 
a;6 ^3x6 _7x* +6«3 — 7a;a + 3i; + l =0. 

Solution. Divide by x^^ and we have 

and if we make 

.1 

we have 

*' + i = y' - ^ (^"^ *) ^ ^' "" ®^' 
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and the equation becomes, by substitution, 

The roots of this equation are 

y = 0, =2, and = — 6 ; 
and, therefore, the values of % are 

a: = zt\/— 1, = h or =* (— 6db\/21). 

3. Solve the equation 

x8 _^ 2 a;6 _ 6 a;4 ^ 2 i2 -f 1 = 0. 

An$. x = zt 1, or =zti\/2(3d=\/— !)• 

4. Solve the equation 

2 2* — 3 23 — a:2 — 3 X + 2 = 0. 
Ans, 2 = 2, or = J, or = ^ ( — 1 ± \/ — 3). 

166. Corollary, It follows, from art. 163, that an equation 
of the second degree has two roots, both of whipfa are given 
by the process of art. 154 ; and if the equation is I'educed to 
the form 

x2 -f-ax + 6 =0, 

and the roots denoted by x' and x"^ we have 

x2 4- a a; -|- 6 = (2 — 2') (2 — x") = 0. 

But the product {% — x') {x — x") being arranged according 
to powers of x, is 

2:2 _ (a;/ j^ x") x-\'X' 2" ; 

which being compared with' its equal 

2* -|- « 2 + ^, 
gives 

- (?' + ^") = «, 

X' X" =si h\ 

that is, the coefficient of x is the negative of the sum 
of the- roots of equaticM, and the term which does not 
contain x is the product of the roots. 



* 
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167. Corollary, If the roots of the general equation of 
the third degree 

i3 + aa;a + 6aj + c = . 
are denoted by 



X' %" %'". 



ill 



we have 

But the product 

(z _ x') (x — x") (% — x"^ 

is, when arranged according to powers of x, / 

whence, by comparison with the. given equation, we have 

a — _ (x' + x" + x'"), 
6 = X' x" 4- x' x}" + x" x"', 
c = — x' x'^ x'" ; 

that is, the coefficient of x^ is the negative of the 
sum of the roots, the coefficient of ir is the sum of the 
products of the roots multiplied together two and two, 
and the term which does not contain x is the nega- 
tive of the continued product of the roots. 

168. Corollary. It may be shown in the same way 
that, in the equation 

a;« -]- a xtt-i -|_ b x«-2 j^ c a;«-3 j^ &;c. = 0, 

the coefficient ofa^^^^is the negative of the sum of the 
roots ; the coefficient of x^"^ is the sum of the products 
of the roots rmiltiplied together two and two ; the co- 
efficient ofaf^'^^ is the negative of the sum, of the pro- 
ducts of the roots multiplied together three and three; 
and so on, the last term being the product of the roots 
when n is even, and the negative of this product when 
n is odd. 



190 
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All the Roots of an Equation diminished by the same Quantity. 



SECTION II. 

m 

Transformation of Equations.' 

169. Problem. To transform a given equation into 
another in which the roots are all diminished by the 
same quantity. 

Solution. Let the given equation be 

2» + ax»-i -f- 6z*-2 4- &c. + = 0; 

the roots of which are x', x", x'", &c.^ and let e be the excess 
of these roots above those of the required equation, which 
iDust consequently be x' — «, x" — e, x'" — e, &c. ; or if 
u is the unknown quantity of this new equation, we have 



e 



u. 



a: = c -f- m; 

and this value of x, being substituted in the given equation, 
produces the required equation, or 

(<;-{-M)n^a(e_^tt)»-i + 6(c + ti)*-« + &c. = 0; 

which, being arranged according to powers of t/, is 

4- &c. 



a 



-I- &c. 



170*. Corollary. Since e is now entirely arbitrary, 
it may be taken to satisfy any proposed condition, 
such for instance as that the coefficient of w"~^ may 
be equal to zero, in which case the second term 
vanishes,. and the equation becomes of the form 
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. ThU eoQditioD is represented by the equation 

ne -{- a = 0, 
which gives fat the value of e, 

a 

n 



171. Cor ottary. Since the roots of the equation just at- 
tained are 



e, X 



// 



e, X 



III 



they become, when e is taken, equal to one of the roots 
»', x", x"'^ &c. of the proposed equation, such as a/ for in- 
stance, 

jt' — x', x'' — X', x"'-— x' -f &c. 

But x' — «'==0; 

and, therefore, one of the roots of the equation thus obtain- 
ed must be zero. Now this equation is 



u^-\-nx' 



u 



n— 1 



. . -|- &c. . . . -I- n x' 



n— 1 



--(n— l)ax'"-« 
-4- &.C. 



«4.x'« == 0. 



ax 



i%^i 



-- d6C. 



aad by the substitution of , . 

t« =0, 

which must satisfy it, its first member is reduced to the last 
term, and we have 

xf* -f ax'«-i -f- b x'»-3 ^ &;c. = ; 

which equation is evidently correct, since it only differs from 
the given equation by the substitution for .x, of one of its 
roots xf. 

Hence the above 'equation, divided by «, is reduced to 



+ « 
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172. CoroHary, If two or jnore of the roots of the given 
equation are equal to ejijch other, such as 

: X' = X" = 2"' c=: &0,, 

the roots of the -preceding equation become 

x' — x" = 0, 2' -r x"( = 0, x' — z»^, x' — x^, &c. 

and it is, therefore, satisfied by the value of u, 

« = 0, 
which reduces it to 

or since x' is either of the equal roots the^ accent may be 
omitted, and we have 

„a;»-i-|-(n_l)oa;«-"2-f («-^2)6a:«-»4-&c. t=0, 

whic() must be satisfied by a value of x equal to either of the 
equal roots of the given equation, and these equal roots can 
therefore be obtained by means of the process of eHmination 
of art. 116. But it is evident that two different equations with 
one unknown quantity cannot be satisfied by the same value 
of this unknown quantity, unless their first members have a 
common divisor, which is reduced to zero by this value qf 
the unknown quantity. 

The first member of the eqaation last obtained is 
called the derived polynomial of the given equation, 
and is obtained from it by muhiplying each term by 
the exponent of the unknown quantity in that term, 
and diminishing this exponent by unity. 

The equal roots of an equation are, therefore, ob» 
tained by finding the greatest- common divisor of its 
first member and its derived polynomial, and solving 
the equation obtained from putting this common di^ 
visor equal to zero. 
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EXAMPLES. 

1. Find all the roots of the equation 

23_7a;8-|_ 16a: — 12 = 
which has equal roots. 

Solution. The derived polynomial of this equation is 

3xa — 14«-f 16, 

the greatest common di? isor of whi^h and the -giwen firal 
member is 

x — 2. 

The equation 

X — 2 = 0, 
gives 

x = 2. 

Now since the given equation has two roots equal to 2, H 
must be divisible by 

(x — 2)a = i2 — 4 « -f 4, 
and we have 

x3 _ 7 a;2 + 16 1 — 12 = (x— 2)a (x — 3) = ; 

whence 

2=x3 

is the other root of the given equation. 

2. Find all the roots of the equation 

27 _9x6^6a:* + 15x3 — 12x2— 7i+6 = 
which has equal roots. 

Solution, The derived polynomial of this 'equation is 
7x6— 45x*+24x3-f 45x2— 24x— 7, 

the greatest common divisor of which and the given equation 

gives 

xs _ x* — X 4- 1 = 0, 

17 
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which is an equation of the third degree, and we may con- 
sider it as a new equation; the equal roots of which are to be 
found, if it has any. 

Now its derived polynomial is 

3x2 _2» — 1, 

and the common divisor of this derived polynomial and the 
first member gives 

X — 1 = 0, or aj = 1. 

Hence the first member of 

a;3_x2— « + l = 
must be divisible by 

and we have indeed ' , 

a;3_aj2_a;-f-l=3(x— 1)2(2; -j-l)==0. 

The equal roots of the given equation are, therefore, 

X = 1, aqd = — 1 : 

and its first member is divisible by 

(x— 1)3 (a; +1)2, 

and is found by division to be 

{X — ly (x + 1)2 (x2 4- X — 6): 

The remaining roots are, therefore, found from solving the 
quadratic equation 

x^-^-x — 5 = 0, 
which gives 

a; = 2, or = — 3. 

3. Find all the roots of -the equation 

x3 +Xa^^— 9a;— 9 = . 

which has equal roots. 

AnSf. X =±: 3, or = — 3. 
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4. Find dl the roots of the equation 

a:3 _ 15 a;2 ^ 75 jc _ 125 = 

which has equal roots. 

Ans, z = 5, 

5. Find all the roots of the equatioif 

X* —9x3 J^^29x2 — S9x^ 18 = 

which has equal roots. 

Ans,. a; = 1, or =2, or = 3. 

6. Find all the roots of the equation 

a;4 _ 2 a;3 — 59 x2 + 60 jc + 900 = 

which has equal roots. 

Ans. a; = 6, or = — 5. 

7. Find all the roots of the equation 

a;4_6ir2 — 8x — 3 = 

which has equal roots. 

Ans.- a; = 3, or ^ — 1. 

8. Find all the roots of the equation 

X* + 12x3 ^ 54x2 + 108a; + 81 = 

which has equal roots. 

^ Ans. X =: — 3. 

9. Find all the roots of the equation 

a;5 «- 2 X* — 2 x3 + 4 x2 -f X — 2 = 

which has equal roots. 

Ans, X = ±: 1, or = 2. 

10. Find all the roots of the equation 

x6 _6x4 3^4x3 + 9x2 — 12x+4 = 

which has equal roots. 

Ans. X = 1, or = — 2. 



^ 
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11. Find the equal roots of the equation 

x8^^a;7^26x«— 45«*+45x*— 21 a:3— 10a;2+20a;— 8=0. 

^715. z == 1, or =2. 

172. General solutions have been given of equa- 
tions of the third and fourth degree ; they are not, 
however, always applicable, and are so complicated, 
that it is more convenient in practice to obtain the 
roots of an equation by successive approximations. 
But before proceeding to this subject, it is important 
to be acquainted with the theory of arithmetical and 
geometrical progressions. 
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CHAPTER VII. 
Progressions. 

SECTION I. 
. Arithmetical Progresnon. 

173. An Arithmetical Progression, or a progresr 
sion by differences^ is a series of terms or quantities 
which continually increase or decrease by a constant 
quantity. 

This constant increment or decrement is called the 
common difference oi the progression. 

'Throughout this section the following notation will be re- 
tained. We shall use 

€1 = the first term of the pogression, 
' / = the last term, 
r =? the common difference, 
n = the number of terms, 
8 = the sum of all the terms. 

I74i Problem. To find the last term of an arith" 
metical progression when its first term, common dif^ 
ferenccy and number of terms are known. 

Solution, ^ In this case a, r, and n are supposed to be 
known, and / is to be found. Now the successive terms of 
the series if it is iftcreasing are 

a, a + ^» « + 2r, a-|-3r, a-f"^ r, &c. ; 
17* 
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00 that the nth term is obTiousl j 

/ = a+(«-l)r. 
But if the series is decreasing, the last term must be 

/ = « — (ii_l)r. 

Both these cases are, however, included in one, if we 
suppose r to be negative when the series is decreasing. 

175. Corollary. In like manner any other term, such as 
the mth, is 

a-^- {m — l)r. 

176. CoroUary* Bj writing the series in an inverted 
order, beginning with the last term, a new series is found, 
of which the first term is /, and the common difference -^ r. 
Hence the mth term of this series, that is, the mth term 
counting from the last of the given series, is 

/_(m— l)r. 

177. Corollary. The sum of the mth term and of the mth 
term from the last is, therefore, 

[a + (^, _ 1 ) r] + [/ — (« - 1 ) r] = a + / ; 

that is, the sum of any two terms, taken at equal dis^ 
taneesfrom the two extremes of an arithmetical series j 
is^ual to the sum, of the two extremes, 

178. Problem, To find the sum of an arithm.etical 
progression when its first term^, last terniy and nun^ 
her oftermA are known. 

Solution, In this case, a, /, and n are 8U[^p06ed to be 
known, and jSf is to be found. 



I 



r" 
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To find the. Sum of the Pn^ression. 

Suppose the terms of the series to be written as follows, 
first in the regular order, and then in an inverted order : 

a, 5, c, . . . . . . . t, A:, Z; 

/, A;, t, c, 6, a. 

The sum of the terms of each of these progressions being 8^ 
the sum of both of them must be 2 8^ that is, 

S iSf=(a+l)+(6-Hfc) + (c+i) . . . + (t+c)+(it+*)+(/+«). 

But by the preceding corollary, we have 

fl-f-/=6-|-A; = c-|-2 = &c. 

Hence 2 ^Si is equal to as many times (a -j- /) as there are 
terms in the series, that is, 

2^= (a4./)»; 

or ^ ^ = i(« + 0»; 

that is, the sum of a progression is equal to half the 

sum of the two extremes , multiplied by the' number of 

terms, 

179. CoroUary, From the equations 

/=a+(n-l)r, 

either two of the quantities flp,7, r, n, and i9can be deter- 
mined when the other terms are known. 



EXAMPJL.ES. 

1. Find the 100th term of the series 2, 9, 16, &c. 

Ans, 695. 

2. Find the sum of the preceding series. 

^715. 34850. 

3. Find 8^ when a, r, and it are known. 

Ans. i8f= J[2a -j- (n — l)r]ji. 
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£zainples in ProgreasioD. 

4. Find n and 8, when a, /, and r are known. 

Ans. n = hi; 

r 

5. Find the namber and sam of terms of the series of 

which the first term is 6, the last term 796, and the common 

difference 10. 

Ans, The number of terms = 80^ 

the sum = 32080. 

6. Find r, when a, I, and n are known. 

I— a 



Ans. r = 



n— 1 



7. Find the common difference and sum of the series, of 

which the fi|;st term is 75, the last term 15, and the number 

of terms 13. 

Ans. The common difference = •*- 5, 

the sum = 585. 

8. Find r and n, when a, I, and S are known. 

28 



Ans» n = 






r = 



28 — (a + l)' 

9« Find the common difference and number of terms of a 

series, of which the first term is 2, the last term 345, and 

the sum 8675. 

Ans, The number of terms = 50, 

the common difference =,7. 
10. Find / and it, when a, r, and 8 are known. 

r 
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Examples in Progression. 

11. Find the last term and number of terms of a series, 
of which the first term is 3, the common difference 4, and 
the sum of the terms 105. 

An$, The last terra = 27, 

the number of terms = 7. 

12. Find a and n, when /, r, and S are known. 

r 

a = ±:A/[{l + ir)2—<irS]+ir, 

13. Find the first term and the number of terms of a se- 
ries, of which the last term is 43, the common difference 3, 
and the sum of the series 35. 

Ans. The first term = I, 

the number of terms = 5. 

14. Find / and r, when a, it, and S are known. 

Ans, I = a, 

n 

HS—an)^ 
^— n(n — !)• 

15. Find the last term and common difference of a series, 
of which the first term is §, the number of tferms 12, and 
the sum 100. 

Ans, The last term = 16, 

the common difference = 1^. 

16. Find a and r, when /, n, and 8 are known. 

Ans, a =i /, 

n 

2(ln-S) 
'^— ii(n— 1)' 



n 
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Examples in Progrefldon. 

17. Find the first term and common difference of a series, 

of which the last term is 50, the number of terms 20, and 

the sum 600. 

Ans. The fitst term = 10, 

the common difference = 2^. 

18. Find a and S, when Z, r, and n are known. ~ 

Ans. a = I — (n — l)r, 

^ = ^[2-/— (»— l)r]n. 

19. Find the first term and sum of the terms of a series, 
of which the last term is 100, the common difference j-, and 
the number of terms 51. 

Ans, The first term ?= 75, 

the sum of the terms =s 4462^. 

20. Find a and /, when r, it, and S are known. 

Am. o = -— J(n— l)r, 

21. Find the first and last terms of a series, of which the 

common difference is 5, the number of terms 6, and the 

sum 321. 

Ans, The first term = 41, 

the last term = 66. 

22. Find the sum of the natural series of numbers 1, 
2, 3, &c. up to n terms. 

Ans, J II (n 4" 1)* 

23. Find the sum of the natural series of numbers from 

1 to 100. 

ilii5. 5050. 

24. Find the sum of the odd numbers 1, 3, 5, d&c. up to 

n terms. 

Ans, It'. 
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£xample8 ia Progression. 

25. FiQd the sum of the odd numbers from 1 to 99. 

Ans. 2500. 

26. Find the sum of the even numbers 2, 4, 6, d^c. up to 

n terms. 

Ans. n {n -\- 1). 

27. Find the sum of the even numbers from 2 to 100. 

Ans, 2550. 

28. One hundred stones being placed on the ground, in a 
straight line, at a distance of 2 yards from each other ; how 
far will a person travel, who shall bring them one by one to 
a basket, placed at 2 yards from the first stone ? 

Ans, 11 miles, 840 yards. 

29. We know, from natural philosophy, that, a body which 

falls in a vacuum, passes, in the first second of its fall, 

through a space of 16^ feet, but in each succeeding second, 

32^ feet more than in the immediately preceding one. Now, 

if a body has been^faliihg 20 seconds, how. many feet will it 

have fallen the last second? and how many in the whole 

time ? 

Ans, 627^ feet in the last second, 

and 6600 feet in the whole time. 

^ 30. In a foundery, a person saw 15 rows of capnon-bs^lls 
placed one above another, and asked a bombardier how 
many balls there were in the lowest row. * You may easily 
calculate that,' answered the bombardier. * In all these 
rows together, there are 4200 balls, and each row, from the 
first to the last, contains 20 balls less than the one imme- 
diately below it.* How many balls, therefore, were there in 

the lowest row ? 

Ans. 420. 

180. The arithmetical mean between several quan- 
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titles is the quotient of their sum divided by their 
numbers. 

Thus the arithmetical mean between the two quantities 
a and b is half their sum, or ^ (a -f- 6) ; that between the 
four quantities 1, 7, 11, 5 is 6. 

181. Problem. To find the arithmetical mean be- 
tween the terms of an arithmetical progression. 

Scholium, It is, by the preceding definition, 

s 



«* 



or, since 

it IS 

that is, half the sum of the extremes. 

182. Problem. To find the first and last terms of a 
progression of which the arithmetical mean, the num- 
ber of terms, and the common difference are known. 

Solution. If we denote the arithmetical mean by if, we 
hafe 

which, substituted in the result of example 20, in art 179, 

gives 

a = Jf— i(n — l)r, 

l^M + i{n — l)r. 

Scholium. In very many of the problems involving 
arithmetical progression, it will become convenient to 



/ 
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Examples involving Aritfameticiil Progression. 

- ■ I • - - 

m 

use for one of the unknown quantities the arithmeti- 
cal mean. 



EXAMPLES. 

1. Find five ntk mbers in arithmetical progression whose 
spm is 25y and whose continued product is 945. 

Solution, Denote the arithmetical mean by My and the 
common difference by r, and we have, by art. 182, 

25 

and . 

the first term = M — 2r = 5 — 2r, 
the second term s=s M — r = 5— ^r, 

the third term = JIf := 5, 

the fourth term = if r|- r i= 5 -|- r, 
the fifth term =Jf-|-58r=54-2r; 

and the continued product of these terms is 

(6-2r) (5-r)5(5+r) (54-2r)=3125— 625ra+20r* =945. 

Hence we find 

r = 2, or = \/ 54J ; 

and the only possible series satisfying the condition is, there- 
fore, 1, 3, 5, 7, 9. 

2. Find four numbers in arithmetical progression whose 
sum is 92, and the sum of whose squares is 276. 

^ V V-i^ ^, ^ Ans. 5,7,9, 11. 

3. A traveller sets out for a certain place, and travels 
1 mile the first day, 2 the^ second, and so on. In five days 
afterwards another. sets out, and travels. 12 miles a day. 
How long and how far must he travel to overtake the first? 

Ans. 3 days and 36 miles. 

18 
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Examples involving Arithmetical Progfesskm. 

44 Find four Dombers in arichmetical progression whose 
sum is 28, and continued product 585. 



yL Z&H». J, CP, «7, J 

i' of the first ana last of 



5. Tne sum of the squares/of the first and^ last of four 
numbers in arithmetical progression is 200, and the sum of 
the squares of the second and third is 136; find them. 

Ans, 2, 6, 10, 14. 

6. Eighteen numbers in arithmetical pfogresaon are such, 
that the sum of the two mean terms is 31^, and the product 
of the extreme terms is 85^. Find the first term and the 
common difference* * ' 

Atts. The first term is 3, 

the common difference is 1 j>. 



SECTION II. 

Geometrical Progression. 

183. A (jreometrical Progression^ or a progression 
by quotients, is a series of terms which increase or 
decrease by a constant ratio. 

a, /, n, .and 8 will be used in this section as in the last, 
to denote respectively the first term, the last term, the num- 
ber of terms, and the sum of the terms; and r will be "used 
denote the constant ratio. 

184. Problem. To find the last term of a geovnetri^ 
cod progression when its first term, ratio, and number 
of terms are known. 
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To find the last Term and Sum. 



Solution. In this ease, a, r, and n are gif en, to find I 
jNow the terms of the series are as follows : 

a, ar, ar^, ar^ • * . &c. • . . ar^'^^; 

that is, the last or nth term is 

that is, the last term is equal to the product of tht 
first term hy that power of the ratio whose exponent 
is one less than the number of terms. 

186. Problem. To find the^ sum of a geometrical 
progression^ of which the first term, the ratio, and 
the number oftermrS are known. 

Solutian. We have 
. iSf= a-f-ar-f-aH -|-d&c. . . . -f- ai*— 8-|- ai*— 1. 
If we maltiply all the terms of this equation by r, we have 

from which, subtracting the former equation, and striking 
out the terms which cancel, we have 

r S — S = ar^ -"^ a, 

or . (r — l)S=ar^ — a = a(f» — 1); 

whence 

ar* — a a (r* — 1) 
r — 1 r — 1 

Hence, to find the sum, m/ultiply the first term by the 
difference between unity and that power of the ratio 
whose exponent is equal to the num^ber of term,s, and 
divide the produ^ by the difference between unity and 
the ratio. 
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186« Corollary. The two equations 

l=idr*-^ 
(r— l)iS = a(r*— 1) 

give the means of determining either two of the 
quantities a, /, r, n, and Sj when the other three are 
known. 

But it must be observed, that, since n is an exponent, it 
can only be determined by the solution of an exponential 
equation. /4/"^^,y^/A, e.h 

EXAMPLES. 

1. Find the 8th term and the sum of the first 8 terms of 
the progression 2, 6, 18, d&c, of which the ratio is 3. 

Ans. The 8th term is 4374, 
the sum is 656QL 

2. Find the 12th term and the sum of the first 12 terms 
of the series 64, 16, 4, 1, ^, dErC, of which the ratio is ^« 

Ans. The 12th term is g^^^g , 
the sum is 85^^/^ 

3. Find S, when a, /, and r are known^ 

' r / -— a 

Ans. S = T-. 

r — 1 

4. Find the sum of the geometrical progression of which 
the first term is 7, the ratio ^, and the last term 1|. 

'Ans. 12i. 

5. Find r and S, when a, I, and n are known. 



Ans 
.1 



\a 



--I / -^11^1 11^1 

J-_l Vi-Va 
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ExamplM in Geometrical Pio gre w i on. 

6. Find tbe ratio and snm of the series of which the first 
term is 160, the last t^rm 38880, and the number of terms 6. 

' Ans, The ratio is 3, 

^ the sum is 58240. 

7. Find r, when a, /, and 8 are known. 

8— a 

Ans. r = -5 r* 

a — i 

» 

8. Find the ratio of the series of which the first term is 

1620, the last term 20, and the sum 2420. 



iift5. ^. 



9. Find a and & when /, r, and » are known. 

» . 

Ans, a = 



' 10. Find the first term and sam of the series of which 
the last term is 1, the ratio j-, and the number of terms 5. 

Ans. The first term is 16, 
«t the sum is 31. 

11. Find /, when a, r, and 8 are known. 

Ans, 1=^8 . 

r 

12. Find the last term of the series of which the first term 

is 5, the ratio ^, and the sum 6*^. 

Ans. ^„ 

13. Find a, when /, r, and 8 are known* 

Ans. a = 8—{8—l)r. 

14. Find the first term of the series of which the last term 

is ^, the ratio -J, and the sum 6j^ 

Ans,, GL 

IB* 
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15. Find a and /, when r^ », and i9 are known. 

' ,_ (r-— 1«-»)^ 
•*— 1 • 

16. Find the first and laM terms of the series of which 
the ratio is 2, the number of terms 12, and the sum 4005. 

Ans. The first term is 1, 
the last term 2048. 

187. An infinite decreasing geometrical progression 
is one in which the ratio is less than unity, and the 
number of term$ infinite. 

188. Problem. To find the last term and the sum 
of the terms of an infinite decreasing geometrical pro^ 
gression, of which the first term and the ratio are 
known. 

Solution. Since r is less than unity, we may denote it 
by a fraction, of which the numerator is 1^^ and the denomi- 
nator r' greater than unity ; and we have 

1 

r'* OD "' 

Since, then, the number of terms is infinite, the formulas 
fi>r the last term and the sum become 

/ = a r»--» B a X = 0, 
rl — a — a 



8z=: 



r— 1 ~ r— 1 

a a r' 
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— -: . : , : 

that is, the last term is zero, and the sum is found by 
dividing the first term by the difference between unity 
mid the ratio. 

189. Corollary. From the equation 

1 — r 

either of the quantities a, r, arid ^ may be found, 
when the other two are known. 

« EXAMPLES. 

1. Find the sara of the infinite progression, of which the 

first term is 1, and the ratio J. 

Ans. 2. 

2. Find the sum of the infinite progression, of which the 

first term is 0,7, and the ratio 0,1. 

Ans. J-. 

- 3. Find r, in an infiijite progression^ when a and S are 
known. 

Ans. r 5= 1 — -r^ 

4. Find the ratio of. an infinite progression, of which the 
first term is 17, and the sum 18. 

Ans. tV- 

5. Find a, in an infinite progression, when r^md S are 

known. 

Ans. assa S(l — r). 

6. Find the first tesm of an infinite progression, of which 

the ratio is f , and the sum 6. . * 

Ans. 2. 
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CHAPTER VIII. 
Resolution of Numerical Equations. 



SECTION I. 
Number of Real Roots of Equations. 

190. . Theorem. When an equation is reduced, as 
in art. 160, and the values of its first member, ob- 
tained by the substitution of two different numbers 
for its unknown quantity, are affected by contrary 
signs, the given equation must have a real root com- 
prehended between these two numbers. 

Demonstration. For, if the value of the. less of the two 
nombers, which are substituted for the unknown quantity is 
supposed to be increase by imperceptible degrees ' until it 
attains the value of the greater number, the value of the 
first member must likewise change by imperceptible degrees, 
and must pass through all the intermediate values between its 
two extreme values. But the extreme values are affected with 
opposite signs, so that zero must be contained between them, 
and must be one of the values attained by the first member ; 
that is, there must be a mimber which, substituted in the 
first member, reduces it to zero, and this number Is conse- 
quently a root of the given equation. 

191. Corollary. If the given equation has no real 
root, the value of its first member will always be af-. 



\ 
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Number of Real Roots between two given Numbers. 
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Jeded by the same sign, whatever numbers be substi^' 

m 

iuted for its unknown quantity. 

• < 

192. Theorem, When an uneven number of the 
real roots of an equation are comprehended between 
two numbers, the values of its first member obtained, 
by substituting these numbers for x, must be affected 
with contrary signs; but if an even number of roots 
is contained between them, the values obtained from 
this substitution must be affected with the same sign. 

Demonstration, Denote by a, b, c, &c. all th^ roots of the 
given (equation which are contained between the given num- 
bers p and q ; the first member of the given equation must, 
by art 162, be divisible by 

(x — a) {x — b) (x — c) &c. 

If we denote the quotient of this division by Y, the equation 

r=o 

gives all the remaining roots of the given equation, so that 

* Y=0 ' 

cannot have any real root contained between p and q. 

The given first member being, therefore, represented by 

(x — a){x — b){x — c) X F 

becomes 

(p — a){p — b){p — c) X F', 

when we substitute p for x, and denote the corresponding 
value of F by Y'\ and when we substitute q fi>r z, and de- 
note the corresponding value of F by Y", it becomes 

(q — a){q — b)(q — c) X F". 

The quotient of these two results is 



214 



ALQEMBLXb 



[CH« VIII. ^ I* 



Number of Real Roots between two given Numbers. 

0> — a)0» — 6)0> — c).... y ♦: 
- (9 - «) (J - 6) (« - c) . . . . F" 
which cao be written 



p^a p — b 



p — e 
X^ ^X 



r/ 



• • • • 



q — ii q — 6 "^^ q — c '^^ - - - - yw 

Now* since, each of the roots a, 6, c, )S&c. is included be- 
tween p and g, the numerator and denominator of each of 
the fractions 

P — "" P — ^ P — ^ &,c 
q — a q — b q — c 

must be affected with contrary signs, and therefore each of 
these fractions must be negative. 

Butvince Y' and Y'' mast, by art. 190, have the same 
sign, the fraction 

Y' 

Y^' 
is positive. 

The product of all these fractions is therefore positive, 

when the numDer of the fractions 

■PjIZf, ^Zl|,&c. 

q — a q — 6 

is even, that is, when the numderofthe roots fz, b, c, &c. is 
even ; and this product is negative, when the numbei^ of 
these roots is uneven. The values which the ^ven first 
member obtains by the substitution of p and q for x must, 
consequently, be affected with contrary signs in the latter 
case \ and with the same sign in the former case. 

193. Theorem, Every equation of an uneven dea- 
greOy has at least one real root affected with a sign con- 
trary to that of its last term, and the number of all its 
roots is uneven. 
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Number of Real Roots of an Equation of an Odd Degree.' 



l>emonsi^aiion. Let the equation be 

ir" + a ii;«-i + &c. . . . + m = 0, 
in which n is aneren. 

First, to prove that there is a real root, and Ihat the num- 
ber of real roots is uneven. Every real rdot must be con- 
tained between -f- oo and — oo. Now the sul)8titution of 

X = OD, 

gives the value of the first member 

the first term of which is infinitely greater than any other 
term, or than the sum of all the other terms. The sign 
of this result is therefore the same as that of its first term, 
or positive. 

Again, the substitution of 

X = QD 

gives, since n is uneven, 

V 

— qd" + a OD*— ^ — b QD*— * -|- &c...^ . "4- m, ' 

which may be shown by the abov^ reasoning to be negative. 
The given equation must then, by art» 191, have at least 

one real root, and by art. 192, (he number of its real roots 

must be uneven. 

Secondly. To prove that one, at least, of the real roots 

is affected with a contrary sign to that of the last term. 

The sabstitutbn of 

a; = 0, 

reduces the given first member, to its last term m. 

Comparing this with the above results, we see that, if m 
iwpositive, the given equation must, by art. 190, have a real 
root contained betwen and — od, that is, 9, negative root ; but 
if m is negative, there must be a real root contained between 
and -f- OD, that is, a positive root ; so that there must al- 
ways be a root affected with a sign contrary to that of m. 
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Number of Real Roots of £quatioo8. 

194. Theorem, The number of real rooiiSj if. there 
are any, of an equation of an even degree must be even, 
and if the last term is negative^ there mu^t be at least 
two real roots, one positive and the other negative. 

Demonstration. Let the equation be 

3c» -f- a x*-^ -f- 6 a:*-* + &c. . . . + m = 0, 
in which n is even. 

First, To prove that th« number- of real roots is even. 
The substitution of 

X = 0D> 

gives for the value of the 6rst member 

0D» + a OD"""^ + 6.QD*— ^ + &6. . . . -f- «, 
which i& positive. 
The stibstitution of 

gives for the value of the first member 

OD* — •« QD*—^ + ^ Qt)**-* + &c. • . . -f- >»9 

which is z\90 positive^ 

Hence, if the given equation has ajfiy real root there mast, 
by art. 192, be an even number of them. 

Secondly, To prove that when m is negative, there mast 
be two real roots, the one positive, the other negative. The 
substitution of 

reduces the given first member to its last term m, aQjd this 
result is therefore negative in the present case." 

Comparing this with the above results, we see that there 
must be a root between and -f- qd, and also one between 
and — QD ; that is, the given equation has two roots, the 
one positive and the other negative. 
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Number of ImaginaiV Rtfots ; of Real Positive Roots. 



195. CproUartfi Since the number Jof real roots of 
an equation of an uneven degr^ ra uneven, and that 
of. aii equation of an even degree is eVen, th& number 
oftmaginnry roots of every equation, which has imagi^ 
nary roots, must be even, 

196. Theorem. The number of real positive roots 
of an equation is even, when its last term is positive; 
and it is uneven, when the last term is negative. 

Demonstration, The scibstitiition of 

» == QO . 

gives, for the first member of the given equation, a positive 
result ; while the substitution of 

a; =r . 

reduces the first member to its l>ist term* 

Hence if this la^t term is positive, the i^gmber of real 
roots contained between and qd, that id, of positive roots, 
roust, by art. 191, be even ; and if this last term is negative, 
the number of these roots mtist be uneven. 

197. Theorem. An equation cannot hate a greater 
number of positive roots than there a/'Ci variations in 
the signs of its terms, nor a greater number of 
negative roots than there art permanences of these 
signs. 

Demonstration. The truth of this proposition would be 
demonstrated, if it could be shown that the multiplication of 
the first member of an equation by a factor x — a, corre- 
sponding to a positive root, must introduce at host one 

19 
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variation, and that the moltiplieatkm by a factor x-^ a, 
iqust introduoe at host one permanemee. 

Let the general equation of the «ith degree be 

t^±:A x«-i i B x«-« ± ± X. X dr If = 0. 

in which the signs succeed each other in any manner what^ 
ever. 

If we multiply this equation by z — a, it becomes 



— a 



^^aA 



«»-i± C 
:^aB 



x«-« 



aL 



qFif=0. 



The signs in the upper line of this product are the same as 
in the given equation, while those of the lower line are the 
rtverse of those of the given equation advanced one rank 
towards the right. 

If, then, we proceed from the first to the last term of the 
product, we must find the same changes of signs as in the 
given equation, so long as we can remain in either of these 
lines. 

But we are forced to descend from the u[^r line to the 
lower line, as soon^s we come to a term in jv^bich the lower 
number is larger than the upper one, and has the opposite 
sign. In this case, a ueyw variation /\% clearly introduced, 
for. the lower sign is, as before remarked, the Reverse of the 
preceding upper sign ; and, all the remaining signs of the 
lower line being the reverse of the preceding ones of t^e 
upper line, we must find ttie same changes of signs as we 
should have found in the upper line. 

If, however, we should, after this, come to a term in whieh 
the upper numbeir is the greater, and has the reverse sign of 
the lower one, we must reascend to the upper line. In this 
oase, the order of the sighs must evidently be the same as 
it would be, if, in the lower line this term were omitted, and j 
the following signs reversed. But with the omission of a 
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term, two sHccessions ^{ signs most b& lost, one of which at 
least iehere a permanmee ; for the lower sign of the omitted 
term, being the reverse ofthe ppper sign, mast be the s^me 
as its succeeding sign, in the lower line. Not more than 
one variation can, therefore, be lost in ascending to the 
upper line, and this is replaced by the variation which is 
introduced in descending again to the lower lirie ; also since 
the last sign is in the lower line, we must descend again to 
the lower line. 

^ Each factor, corresponding to a positive root, must then 
introduce a n6w variation, so that there must be as many 
Variations as there are positive roots. " 

In the same way, it may be shown that each factor, in 
X -{- a, corresponding to the negativtfe root — a, must intfo- 
duce at least one new permanence, so thai there ma«t be as 
many permanences as there ai^e negative roots. 

198. Corollary. The whole number Of^succession of signs 
of an equation, that is, the sum of the pei^anences and 
variations, is one less than the number of terms, or the same 
as the degree of the equation, that is, the same as the 
number of roots. ' 

If, therefore, all the roots are real, the number of 
positive roots miist he the same as the number of 
variations, and the number of negative roots must be 
the same as the number of permanences. 

199. Scholium* Whenever a term is wanting in an 
equation^ its place may be supplied by zero, and either 
sign may be prefixed. 

200. Corollary. When tlie substitution of + for 
a term which is wanting gives a difibrent nanoiber o( 
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permanences frofti th^t which is obtained by the sub- 
stitution of — 0, and consequently a different number 
of Tsriations also, the equation must have imaginary 
roots. 

201. Theorem. When the sign of the term which 
precedes a deficient term is the same toith that which 
foUmos it, the equation must have imaginary roots. 

Denumstraiion. For if the terms which precede and fot* 
low the deficient term are both positive^ the substitution of 
-f- gives two permanences ; while the substitution of — 
fives two variatioDS. The reverse is the case when both 
these terms are negative. The equation ^roust therefore, in 
either case, have hnaginary roots. 

202. Theorem* When two or more successive terms 
of an equation afe wanting, the equation must have 
imaginary rsots. 

Demonstration, For the second deficient term may be 
supplied with zero affected by the same sign as that of the 
term preceding the deficient terms ; and the' first deficient 
term is then preceded and followed by terms having the same 
sign, so that there must, by the preceding article, be imagi- 
nary roots. , 

203. Theorem. When an uneven numher (m) of 
successive terms is wanting in an equation, the num^ 
ber of imaginary roots must he at least as great cu 
(m + 1), if the term preceding the deficient terms 
hcts the same sign with the term following them> ; and 
the number of imaginary roots must be at least as 
great as {m — > 1), if the term preceding the deficient 



I 
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'iem^s ha$ the reverse sign of the term following 
them. 

Demonstrdtioh, Let n denote the degree of the equation, 
p the number of permanences of the given equation which 
ar^ iiidepejident of the deficient terms here considered^ 
and t; the number of variations ; the number of successions 
which are dependent upon these deficient terms must be 
{m -|- 1) ; so that, as in art. 19B, 

or 

W+^lanfl — («+ 1). 

_ » 

First. If the sign of the term preceding the deficient 
terms is the same with the sign of the term follotnng them ; 
supply tho. place of each deficient term with zero affected; 
by this same sign. Alt the successions, dependent upon the 
deficient terms, must in this case be permanences ; so that 
V will be the whole number of variations of the giren equa- 
tion, and the number of positive roots cannot thertfore ex* 
ceed r. 

But if the sign hf every other zero •beginning with the 
first is reversed, namely, of the first, third, fifth, &c., all the 
permanences dependent upon the deficient terms are changed 
into variations ; so that p will be the whole number of per- 
manences of the given eliuation, and the number of negative 
roots cannot therefore exceed p. 

Hence the whole number hf real roots eannot exceed 

r-|-jp==n — (m+1); 

and, therefore, the remaining (m -f- 1) roots must be imagi- 
nary. 

9ecmMy. ][fthe sign of the term preceding the deficient 
terms is the reverse of the sign of tie term following them; 

19* 
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•apply the place of each deficient t^m with zero affected 
by the same'sign a« that of the term preceding the deficient 
terms. All the successions, dependent upon the deficient 
terms, must in this case be permanences, except the last, 
which is a variation ; so that v -f- 1 will be the whole num- 
ber of variations of the given equation, and the number of 
positive roots cannot ^ therefore, exceed 17 -{- 1. 

< But if the sign of first, third, fifth, &c. zeros be reversed, 
all the permanences dependent upon the deficient terms are 
changed into variations, and the variation is changed into a 
permanence ; sO that p -|- 1 will < be the whole number of 
permanences of the given equation ; and the ntmber of 
negative roots cannot, therefore, exceed j» -|- 1. 

Hence the whole number of real roots cannot exceed 

»+2J-J-a = ii— (»t+l)+d = ii— (m— 1); 

and, therefiwe, the remaining (m •<» 1) roots must be imagi* 
nary, 

204. Theorem. When an even number of succeS' 
sive terms is wanting m an equation, the number of 
vmaginat^ roots must be at least as great as the 
number of thvse deficient terms. 

Demonstration, Let m, n, p, v, and s be used as in the 
preceding firticle. Let the place of the first deficient term 
be supplied by zero affected with the same sign ^s that of 
the term which follows the deficient terms. 

The number of deficient terms is thus reduced to the un- 
even number m — 1 ; and, as the term preceding the de- 
ficient terms is now of the same sign witb that of the term 
ibllowing them, the number of imaginary roots of the equa- 
tion must, by the preceding article, be at least as great as 

(«-l) +.!*«. ^ 
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Cases in wluch Cubic EqoatioD has Real Roots. 

'305. Corollary. Any equation of the third degree 
may, by art. 170, be reduced to the form 

in ^which the second term is wanting ; and this equa- 
tion must, by art. 202, have two imaginary roots, 
whenever p is positive. ' 

206. Theorem. The equation 

ifi — j?ii + y = 0' 
must haVe two imaginary roots, whenever p is posi- 
tive, and 

Demonstration. Since the given equation is of the third 
degree, it must, by firt.^193, have at least one real coot. 
Denote this root b^ a; and the equation is, by art. 161, 
divisible by u — a ; aoil the quotient is evidently of the 
fcffm 

11* + * *< + ^ > 
so that the />ther two roots of the- given equation are the 
same with those of the equation 

u* -f- o tt -f- 6 = 0. 

Now, by art. 154, the roots of this equation are imaginary, 

when 

ii»<46, 
and. not otherwise. 

Bat the product of the two factors, 

u — a and «* -f- ^ •* "I" ^* 
is 

tt^ — (a* — 5) II — 06; 

which, compared with the given equation, gives 

pv=ia^ — h, 

q sss — ak. 
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When the ghreo equation has imaginary ^^ts, we hare 

a« — 6 < a« — i fla, 
that is. 



or 
also 
that is, 



ip<ia^, or 2VP^<A«^; 



SECTION II. 
Limits of the Real Roots of an Eqiiatioo. 

d07. A number, which is greater than the greatest 
of the positive roots of an equation, is called a su- 
perior limit of the positive roots ; and one, which is 
less than the least of the positive roots, is called an 
inferior limit of the positive roots. 

In the same way, a superior limit of the negative 
roots is a number which, neglecting the signs, is 
greater than the greatest negative root ; and an infe- 
rior limit of the negative roots is a number which is 
less than the least negative root. 

208. Problem. To find a superior limit ofiheposi" 
five roots, 

8obiHon, The sum of all the negative terms being equal 
* to the sum of all the positive terms, must exceed each posi- 
tive term. L^) then, —>9 be the greatest negative oodBmnl 
of the equation of the nth degree, and m the exponent of the 
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highest negative term ; the sym of the negative terms, neg- 
lecting their signs, must evidently be less than that of the 
series 

for each term of this series is greater than the correspond- 
ing negative term of the equation. 

But this series is a geometricail progression of which 8 is 
the first term, 8j^ the last term, and x the ratio; so that its 
^sum is, by example 3, of art. 186, 

and must be greater than any positive term, as x", or 

8t» + ^ — S ^ i8f2« + i 
x*< = < =-. 

X I X 1 

Hence 

(x — l)2»<i8fa^+^ 

or 

(x— l)x»— — i'<i8L 

Biit, since 

«— l.<x and (2 — i)"-"»-i <aJ«-«-^ 
we must have 

ft k 

(x'— !)«-"• <{x — l)'2"-«-i < 8; 
and, therefore, 

* — 1< \/S, 
or 

If we, then, dienote by L this superior Innit of the positive 
roots, we have 



« — 



L^i-\. v-S; 



I 
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Limits of Negative Roots. 

thai; is, a superit^r limit of the positive roots is unity y 
increased by that root of the greatest negative coeffi- 
cient^ whose index ;is equal to the number of terms 
which would precede the first negative term^ if no 
terms were wanting. 

209. Problem* To find an inferior limit of the 
positive roots. 

Solution. Substitute in the given equation for x, the value 

1 

and find, by the preceding article, . a superior limit of the 
positive values of y, after the equation is reduced to the 
form of art. 168 ; and denote this limit by L'. 

We have, then, 
and, therefore,' 

or 

' 1 . . 

so.that yry is an inferior limit of the positive roots of the 

given equation. 

210. Problem. 7\) find the limits of the negative 
roots of an equation. 

Solution. Substitute for x 

« = — y, 
and the positive roots of the equation thus formed are the 
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negative roota ef the given eqaation; and^. therefore, the 
limits of its positive, roots become, by changing their signs, 
the required limits. 



SECTION III. 
/ ^ Commensurablo RoAts* 

211. A Commensurable Root is a real root which 
can be exactly expressed by whole* nunibers or frac- 
tions. 

212. Problem. To find the comm£nsurable roots of 
the equation 

in which a, 6, 4*c. are all ititegers, either positive or 
negative. 

Solution. Let one of the commenisurable roots be, when 
reduce'd to its lowest terms, 

P 

z = -. 

q 
As this root must verify the given equation, we have 

r 

whence, multiplying by g"~^,,and transposing, we obtain 
— = — a p»— 1 — 5jp»— 2 g — ^^^ , . , — ^^.1. 

and, therefore, as the' second member is integral, the first 
member nrnst ^Iso be integral, or we must have ^ 

^=1, 
whence 
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that is, every commensurable root of the given equor 
tion must be an integer^ 

Again, the sabstitutien of 

« =jP . 

I 

Id the given equatton, produces 

p* 4- ap*"~^ + &c. . .-f- ^P^ -]- /|> + m = 0; 
whence, dividing by p, and transposing, we obtain 

- = — / — kp — &c. ..,— ap*— ^ — P*~^; 

and, therefore, as the second member is integral, the first 
member must be so likewise;, that is, every - integral root 
must he a divisor of m. 

If, now, we denote by m\ 

y - . 

/ "* I 7 

p 

the preceding equation gives, by transposing and dividing 
^1 P^ 

— ss'-t- A -^ ip — hp^ — gp^ — &c. — ap«— 3^— |i«— a, 

80 that this iMegrql root must likewise he a divisor of m'. 
In the same way, if we use m", m'", m'^, Slc. as follows : 

m" = — + i, 
m'^' a= — 4. 1, 

p 

ml" . - ' * 

P 

d&c. d&e. ; 
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tJkis integral root must be a divisor ofm*\ mf*^, m«% d&c. ; and 
the last condition to be satisfied is' 

jn[«— i]«j^2i ==0, or m[*— ^1 = — p. 

Hence to find cUi the commensurate roots of the giv^n 
equaium, write in the same horizontal line all the integral 
nKvisors of m, which are contained between the extreme limits 
of the roots. 

Write below thpse divisors all the corresponding values 
of m'f m", S^c. which are integral, remembering that a 
divisor cannot be a root, when the values which it gives for 
either m', m", m"\ S^c, is fracHonaL 

^ Proceed, in this waif till the values ojfmt*— ^ are obtained,, 
and those divisors only are roots which give — p for the 
vahu of this quantity. 



SXAMPLES. 

1. Find the commensurable roots of the equation 
a;» ~ 1923 4-34x2 ^ 12jr — 40;= 0. 

Solution. The extreme limits of the real roots ares-^ 7,4, 
and -^.7,8. Hence we ha?e 

m = — 40; 

p^ 6, 4, 2, 1, ^ 1, ~2, --4, — 6 

=t 4, 2/ — 8, —28, 62, 32, 22, 20 

= , , 30, 6, —18, 18, , 30 

= , . r- i. -13, - h -28, , -26 
= ^ , _ 2, —IS, 1, 14, ,6. 

and, .therefore, 2, — 1, and — 6 are roots of the given 
equation, and its first member, divided by the factor 

(x — 2) (x + 1) (« + 6) = xa -f 4 «« — 7 X — 10, 

to 

20 
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fives the qaotient 

X* — 4 X -{- 4 ; 

and, therefore, the remaiaing roots are those of the equation 

xs— 42-f.4 = 
which are equal to each other, and each is 

X = 2. 

2. Find the commensurable roots of the equation 

z8_3x7_l0x«— 2x4+6x3+21x2— 3x— 10 = 0. 

Ans. 5, 1, — 1, and — 2, 

3. Find all the roots of the equation 

x* + x3 — 24 xa + 43 X — 21 = 

which has commensurable roots. 

Ans, 1, 3, — f rfciv'SS. 

4. Find all the roots of the equation 

x3 — 6 x2 + 19 X — 44 = 
which has a commensurable root. 

Ans, 4, and , 1 d= V — 10. 

5. Find all the roots of the equation 

X* — . 10 x« + 36 xs _ ^0 «'+ 24== 

which has commensurable roots. 

Ans. 1, 2, 3, 4. 

6. Find ail the, roots of the equation 

' x»—3x*— 8x3 + 24x2— »x*+27=0 
which has commeifsurable and equal roots. 

Ans. 3, — 3 and ± V— 1. 

7. Find all the roots of the equation 

x6— 23x4— 48x3 + 95x2+400«+375 = 
which has commensurable and also equal roots. 

Ans. 3, 6, and^ — 2±\/— 1- 
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213. Problem. To find the commensurable roots of 
an eqtiation, * ^ 

Solution, Reduce the eqaation to the form 

'^ X* + jB x»-i -f^&c. ... + £, X + ilf = 0, 

in which A, B, ^c. are all iategers, either positive or nega- 
tive. 

* Substitute for x the. value 

A' 
and the equation becomes 

which, multiplied by A*—^^ is 

The commensurable roots of this equation may be 
found, as in the preceding article, and being divided 

by Af vnll give the commensurable roots of the re- 
' quired eqtiation, 

214. Scholium. The substitution of 

.A 

is uot always the one which will lead to the most 
simple result. But wheu A has two or more equal 
factors, it is often the ease that the substitution 

x=-^ 

A' 

will lead to an equation of the desired form, A^ beihg 
the product of the prime factors of ^, and each factor 
is scarcely ever repeated fnore than once. 
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EXAMPLES. 

' 1. Find the xbmmensur able roots of the equation 
64z* — 328x3 + 674z2 — •393 X -f 90 = a 

Solution, We have, in this case, 

^ = 64 = 2« ; 

hence we may take A' equal to some power of 2 ,* and it is 
easily 'seen that the third power will do, so that we may 
make 

Hence the given equation becomes 

y4 _ 41 y3 ^ 574 y2 _ 3144 y ^ 5760 = 0. 

The commensurable roots of u^hich are found, as in art. 211, 
to be 

y = 4, 6, 15, and 16 ; 

so that the roots of the given equation are 

2. Fincf the commensurable roots of the equation 

8 z* + 34 xa — 79 X + 30 = 0. 

-4n5. J, |, and — 6. 

3. Find the commensurable roots of the equation 

24 x3 — 26 x2 + 9 X — 1 = 0. 

Ans. .J,^, and ^. 

' 4. Find the commensurable root§ of the equation 

3 x3 — 14 x2 + 21 X — 10 = 0. 

Ans. 1, f, and 2. 

5. Find the commensurable roots of the equation 

8 X* — 38 X 3 + 49 x2 — 22 X + 3 = 0. 

Ans. i, ^, 1, and 3 
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.6. Find all the roots of the equatioir 

. 6 X » +• 7 «^ + 39 * + 63 = 

wbich has a commensurable root. 

Ans, _|, andid=i\/— 251. 

7. Find the commensurable roots of the equation 
9x« -f.30xft+22x* + 10x3 + 17x2— 20x+4=:0. 

iins. \ and — 2^. 



SECTION IV. 
Incommensarable Roots. 

215. A real root, which cannot he exactly expressed 
in numbers, is called ^u incommen^urahle roof, 

216. Problem, To find the incommenaurable roots 
of an equation, the difference between every two of 
whose roots is known to exceed a given quantity E, 

Solution. Form the arithmetical progression 

0, E, 2E, 3E, A E, &c. 

continued to the superior limit of the positive roots; 
also the progression 

0, — £, — 2 JS?, -— 3 JS?, &c. 

continued to the superior limit of the negative roots. 
Substitute, successively ^ each term of each of these 
progressions for the unknown quantity in the first 
member of the equation^ reduced to the form of art» 
160. 

20* 
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Dociiual places to be reUined. 

When two successive values of the first tneinber 
thtts obtained are affected by opposite signs, a root 
musty by art. 190, be contained between the correspondr- 
• ing terms of the series, and not more than one rootj 
because the difference between two roots is greater 
than that between two terms of the series. 

Either of these two term>s of the series must, there- 
fore, differ from the root by a quantity less than E{ 
less, therefore, than unity, when E is equal to or less 
than unity ; and may be assumed as the first approx- 
imaUon to this root. 

But if one or m>ore integers are eontainid between 
the two terms of the series, which must be the case 
when E is greater than unity, the successive substitu- 
tion of these integers for the unknown quantity of the 
equatiofi will give an integer, which differs from the 
root by a quantity less than unity, and which is to be 
preferred as the first approximation to its value. 

Representing this first approximation by- w, and 
the quantity by which it differs from the true root . 
by h, substitute 

, w '\' h - 

for the unknown quantity in the equation ; and since 
h is less than unity, its powers must be still smaller ^ 
and the tet^ms containing them may be omitted, so 
that the result may be reduced to the form 

J A + 15 = 0. 

The value of h, obtained from this equation, sub- 
stituted in 

w + hi 



r 
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gives a second approximation to the value of the root, 
from which a third approssimation may he obtained in 
the same way that this was obtained from the first 
approximation^ and so on to higher approximations. * 

>217. Scholium. It isi advisable to reduce all the 
calculations of tnis solution to decimal fractions: and 
retain in each multiplication or division only one or 
two decimal places beyond the probable accuracy of 
the approximation. * ' 

The third approximation is rarely exact beyond 
three places of decimals ; but every further approxi- 
mation may usually be relied upon to twice as many 
places of decimals as its preceding approximation. 

218. Scholium,. The real roots of most equations 
which are met with in practice differ from each other' 
hy more than unity, or, at least, only one real root is 
usually included between two successive integers, so 
that the substitution of all the integers contained be- 
tween the extreme limits of the roots will usually lead 
to their discovery. Even if this substitution of the 
integers is unsuccessful, it is rarely useless, for the pro- 
gressive increase or diminution of the values of the 
first member will usually indicate the integers which 
are nearest to the roots ; and the substitution-of frac- 
tional values which differ but little from these* integers 
can hardly fail of success. 

219. Scholium. Before applying this solution, to au 
equation, it is almost always advisable to.transform it| 
as in art. 170, to a form in which the second term is 
wanting. 
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EXAMPLES. 

1. Find the real roots of the equation 

x3 — 15 :c2 + 72 z — 109 = 0. 

SoiuHon. Tranfiforin it, as in art. 170, by subvtitoting for s;, 

by which it becomes 

tt3— 3m + 1=0; 

an J the limits of u are 1 + V^, and — 1 — \/3. Now 
-the substitution for u of . ^ 

8, 2, 1, 0,-1,-2, —3 

gives for the corresponding values of the'iirst member 

19, 3, —1, I, 3, —I, —17; 
■o Unt there raast be a real root 

t 

•- between 1 and 2, 

a second between and 1^ 

and the third between — 1 and — 2. 

Now the substitution of 

s 

U =z W -^ h 

gives, by neglecting all tl}e powers of A, but the first, 

tt,3 _ 3 M, ^ I ^ 3 ,^a ^ _ 3^ _, 0, 
whence • ^ ' 

— to^ — 3 w + 1 
'^ — 3 — 3ipa V 

In order to find the first root, let 

«? = 1, 
and we have 

h =z ^^ CD, , 
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which is usdess, aad we must therelbre make 

IT =r 2, 

which gives . 

^ = — i = — 0,3, 

and 

Again, the substitution of 

«^= 1,7 

gives . 

A = — 0,15 

and • ' _ 

• tt = 1,55. 

Again, the substitution of 

to = 1,55 

ffives 

A = —0,018 

and ^ 

M^= 1-532. 

Lastly, -the substitution of 

- w — 1*532 

gives * 

A = 0,000080 

and 

u = 1,532080. 

In the same way the other two roots may be found to be 

tt= 0,347296 

u=— 1-879399. 



and 



2. Find the real roots of the equation 

2 2* —20 x+ 19 = 0, • 

^ Solution. Since two successive terms are wanting, this 
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equation must, by art. 202, hare at least two imaginary 
roots ; and also since the substitution of 

X = — y 
gives 

2y*+205^ + 19 = 0, 

which evidently cannot he satisfied by a positive value of y, 
the given equation cannot have negative roots. The limits 

3 

of its roots are therefore 0, and 1 -f- V l<>i ^^^^ >«. ^ and 3,2. 

The substitution then for x, of 0, 1, 2, 3, 4, gives for the 
corresponding values of the first member 

19, 1, 11, 121, 451; 

so that if there is a real root, it is probably nearly 1. Now 
the substitution of 0,9 and of 1^1 for x, gives for the values 
of this first member : 2/3122 and — 0,0718; so that there 
must be a^real root between 1 and 1,1, and another between 
1,1 and 2 ; and these roots are found as above to be nearly 
1,0922 and 1,5914. - 

3. Find the approximate real root of the equation 

x3 — 12 a; + 132 = 0. 

Ans, —6,872052. 

4. Find the approximate real roots of the equation 

x* -^ 8 12 + 16 X — 440 = 0. 

Ans. 3,976, and —4,3504. 

5. Find the approximate real roots of the equation 

5x3— 6x + 2 = 0. 

Afis. 0,856, 0,379, and ^1,234. 

220. Problem. To find an inferior limit of the dif- 
ference b^ween two roots of an equation. 
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Inferior Limit of the Difiference o/ the Root. 

Sifluiion. Let the equation be 

^ x» + JB x»-i + &c. = D; 

represent two of its roots byx^ and x", and their Hlifference 
by D, so that we have- 

A x'^ 4- B a/»-i + &c. = 0, 

Jb =zx' — X". 

The elimination of x' and x" between these equations gives 
an equation containing only Z>, whence the inferior limit of 
D is determined as in art. 209. * ' 

!^21. Scholitim. It is plain, from the remarks of art. 
218, that the solution of this problem can rarely be of 
any practical use, and yet it is important to complete 
this chapter. 



EXAMPLES. 

1. Find the inferior limit of the difT^^rence of the roots of 
^he equation 

7 x3 — 6 aj + 2 = 0. 

Solution, The elimination of z' and x" between the equa- 
tions 

7 a;/ 3 _ 6 a;/ ^ 2 = 0, 

• 7a:''3_6x" + 2 = 0, ^ ^ ^ 

x! — x" =z D, 
tnrea 

383 !>« — 756 Z>2 _ 324 :5=: 0; 

and therefore, we have, by art. 209, 

" i>>0,4. 
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Inferior Liuiit of the Difference of the Root 



2. Find the inferior limit of the difference between two 
roots of the equation 

5 x3 — 3 z — I = 0. 

Ans. 0,4. 

3. Find the inferior limit of the difference between two 
roots of the equation 

100 x3 _ 27 X + 5 = 0. 

Ans. 0,3. 

4. Find the equation for determining the difference be- 
tween two roots of the equation 

Az3 — Bx+e = 0. 
Am. A^ J>«— 3ilB2 1[>a_27Aea+2B3=r0, 

in which D denotes the required difference. 
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'Value of Continued Fractions. 



CHAPTER IX. 

Continued Fractions. 

-222. A continued fraction is one whose numerator 
is unity, and its denominator an integer increased by 
a fraction, whose numerator is likewise unity, and 
which may be a continued fraction. 

Thus, 

I 



and 



^•i^BaB' 



J 1 . » 



n-i 



.+' 



are con^Biied firaotioM. 



223. Problem. To find the value of a continued frac- 
tion which is composed of afiwU^ number of fractions* 

Solution. Let the given fraction be 
1 



»+i 



'+^- 



Beginning with th&lasi frftction^ we bare moc«mifeij 



1 d 



I cd+l 

*+3 



21 

. I 
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~ 1 ~ ed-\-l cd+1 

1 _ _ ed-f 1 _ ed+ 1 

1 ~ b{cd-{-l) + d~ {bc^l)d-^^ 



* + 



'+1 



1 _ ad{bc+l)+ab + cd + l 

" b.^L ~ (bc^l)d + b 



c+i 



(6c + l)rf+,6 



, 1 arf(6c+l) + o6-f crf + 1 

^ (6c-|-l)rf + 6 



and this method can easily be applied in any otiier case. 



fiXAHPLCS. 

1. Find the value of the continued fraction 
1 



»+i 



8 + i 

2. Find t\^e' value of the continued fraction 



• •■ 



4 + i 



8 + i 



• J 



I 
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Approximate Values of Continued Fractions. 

224. Problem, To find the value of an infinite cotjl- 
tinned fraction. 

Bohium, Let the fraction be 

1 



.+1 



»+' 



C-^&LC. 



An approximate value of this fraction is obviously 
obtained by omitting all its terms beyond any assum- 
ed fraction, and obtaining the value of the resiUting 
fraction, as in the previous article. 



Thus we obtain, successivelj, 

1 ^1 

a a 

1 b 



. * ab + l 



Ist approx. value. 
2d approx. value. 



b 



bc + l 

' 3d approx. value. 



-1 {ab+l)c + a 

and each of these values is easily shown to be more accurate 
than the preceding ; for the second value is wjmt the 'first 
becomes bj substituting, ' for th^ denominator a, the more 

1 
accurate denominator a -{- ? ; the third is what the second 

becomes by substituting, for the denominator &, the more 

. 1 

accurate denominator & 4- - ; and so on. 

c 
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--■ ■■ 

225. Theorem. The nutneraitn' of any <ijfpro3maate 
value, as the nth, is obtained from the numerators of 
the two preceding approximate values ,^ the (n — 1)*/, 
and the (n — 2)nd, by myUiplging the {n — \)9t "nu- 
merator by the nth denominator contained in the 
given continued fraction, and adding to the result the 
numerator of the (n — 2)nd approosimate value. 

The denominator of the nth approximate value is 
obtained in the same way from the two preceding de- 
nominators. 

DemQnstration, Let the (n — 3)rd^ (n — 2)nfl, (n — 1 )st, 
and 11th approximate values be respectively 

K* h' W ^ N" 

and let the (n — l)st and the nth denominators, contained 
in the given Continued fraction, be p and q. 

We shall suppose the proposition demonstrated for the 
(n^— i)st a[^oximate value,, and shall prove that it can 
thence be continued to the nth value ; that is, we shall sup- 
pose it proved that 

M _ pL + K 

M'^ pL' + _Jg?' 

Now it is plain, from the remarks at the end of the preceding 

article, that the nth value is deduced from the (n — J)st, hj 

1 ' ' 

f^fingiog pintQ p 4^ — ; wUch ehiog^, being n^ade in tfa« 

preceding valup, gives 






/• 
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Difference between successive Approximate Values. 

1 — — — — 

Hence we have, by substituting 

M'=zpL'+K'; 

N^ _ M q + L 
ISP ■" Wq + L'' 

that is, the value required to satisfy the theorem. 

If, therefore, it can -be shown that the proposition is true 
for any approximate value, it follows that it must be true for 
every succeeding value. But the comparison of the values 
given in the preceding article shows that it isttrue for the 
third value, and therefore for every succeeding value. 

. 226. Theorem. If two succeeding ofprommate val- 
ues are reduced to a common denominator equal to the 
product of their denominator Sy the difference of their 
numerators is unity. 

Demonstration* Let the (n — 2)nd, (n — l)st, and nth 
approximate values be 

L^ M , ^' _ Mq + L 

L' M* *"'* JV ~ Mq + L'' 

the difference between the (n — 2)nd and (n — l)st is 

LM' — L'M ] 
, "^ L'M' 

and that between the (n — l)8t and nth is 

M'N—MN' _ {MM'—MM' )q- \^JtPL—M L' 

LM — L'M 

=^ M'N' 

of both which differences the numerators are the same; and 
therefore, this in always the case. 

. 21» 
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Now the first and second approximate Tulues, ^ gir^n Q¥ 
art. 224, are, when reduced to a common denominator, 

^ and 



a{ab+ 1) a(a6-fl); 

the difference of the numerators of which is 1 ; and therefore 
unity must always be the difference o/ two such numera- 
tors. 

iS27. Theorem- The afproximate valuts of ^ eon^ 
Hnued fraction are altem€Uely larger and smaller 
than its true value, the first being larg^^ the second 
smaller, and so on alternately. 

Demonstration. Since, in the preceding demonstration, 
the subtraction of the (n — l)st value froip the (n — )^^^» 
gave a fraction having the same numerator as that obtained, 
by its subtraction from the nth ; we see that if the (n — l)st 
value is larger than the (n — 2)nd, it must also be larger. 
than the nth; and if the (n — ])st is smaller than the 
(n — 2)nd, it is also smaller than the nth. 

But the tru^ value is, by art. 224, nearer the (n — l)8t 
value than the (n — 2)nd, and nearer the nth than the 
(n — l)st ; so that wheir the (n — l)st value is larger thai^ 
the (n — 2)nd, the true value must likewise be larger than 
the (n — 2)nd, and smaller than the »fh, and so on alter- 
nately; 'but when the (n — l)st value is smaller than the 
(n — 2)nd, the true val^e must be smaller than thQ {^'-rr^)u4^ 
and larger than the (n — l)st, and so on alternately. 

Now the first value is, by the preceding article, larger 
than the second, and therefore the true value is smaller than 
the first, larger than the second, and so on alternately. 

228. Theorem, Each approximate value ofq cqn- 
tintied fraction differs from th^ true value by a %U(^Jfp 
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Approzimata Valu^ compared with True Value. 

titff less than the fraction whose numerator is unity, 
and whose denominator is the square of the denomi- 
nator of this approximate value. 

Demonstration, Let the denoipinator of the two succes- 
sive approximate values be M' and N' ; N' must, by art. 
9S5^ be larger tfaaa M ' ; and the difference between these 
two vaiiteci muat be 



But, by the preceding article, the true value is contained 
between these two approximate valued, and therefore differs 
from either of them by a quantity less than their difference. 

Now, since 

M'-<N', 



we have 
and 



1 1 



so that the true value must differ from the apinroximate value, 
whose denominator is M'^ by a quantity less than 



AT' 2' 

that is, less than a fraction whose numerator is 1, and de- 
nominator M' ^. 

229. Problem: To transform any quantity into a 
continued fraction. 

Solution, Let X he the qwmtity to he transformed. 
Find the greatest integer contained iu X, afid denote 
it hy A, and denbte the excess of X dhove A hy the 

fraction — ; and we hare 
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Transformation of a Quantity to a Continued fractioik 



A + ^^X, 



and 



X—A. 



From this value of x*^ find the greatest intfiger cotp- 
tained 4n x', and denote it by a, and the excess of sf 

• 1 
ahove o by —; whence 

1 



x' — a' 



from which the greatest integer contained in xf' is to 
be founds and so on ; so that we have 

1 



X=A + 



.+' 



of -f- d&c 



EXAMPLE. 

Transform ^^ into a continued fraction. 

Solution, We have, in this case, successivelj, 

A =2; 
1 

a" = 1 ; 
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A|»pK>KU]Mte y«lue« of FrtctioD or R»4io; 



and the required continued fraction is 



1 

fH = 5J+ — 1 

~ 1 

2 + - 



>+g7- 



230. Corollary. The values of a'^ a'*y d(*c., m the 
case of a vulvar fraction, are evidently the quotients 
which tCfOuM be obtained by the process of finding the 
greatest c&awwn divisor of the nnmerat&r and denom- 
irujB^rnf sf. 

The preoediing process migbt tfaerefare be fciiocnied as 
follows : 

263 

88|263|2 = a' 
176 



8718811 = a^' ' 
87 . - 

1187|87ss=a»'' 
87 

231. C(^ollary. If a fraction or ratio is transformr 
ed into a continued fraction by the preceding process, 
the approximate values of this continued fraction are 
also approximate values of the given fraction or ratio 
which are often of great practical use. 

Thus the approximate values of ^^^, are 

2, 3, f , V ; 
of mhicb the l«st difers from the true value by only tiVt* 
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EXAMPLES. 

1. Find approximate values of the fraction 4J^. 

Ans. i, §f, ^, and U^. 

m 

c 

2. Find approximate values of the fraction il^^^ . 

^««- 2V» A» T!^oV» tWi?» tA^. and ^^. 

3. Find approximate values of the fraction ^^W^}^* 

4. Find approximate values of the fraction 0,245. 

Ans. ^ and ^. 

5. Find approximate values of the fraction 1,27. 

^«S' i", h ii> f *» and if. 

6. The lunar month performs a revolution in 27,321661 
days. Find approximate values for this time. 

Ans. 27, ^, ^, ^V**^"^- <^ays, which show that 
the moon revolves about § times in 82 days ; or 
with greater accuracy, 28 times in 765 days ; 
and with still more accuracy, 143 times in 3907 
days. 

7. The sidereal revolution of Mercury is 87,060255 days. 
Find approximate values for this time. 

Ans. 88, m^, &c. 

8. The sidereal revolution of Venus is 224,700817 days. 
Find approximate values for this time. 

Ans. 225, «5*, Mp, 2|J7^ 2^0/ &C. 

9. The ratio of the circumference of a circle to its diam- 
eter is 3,1415926535. Find approi^mate values for this 

ratio. 

Ans. 8, V, ft! , f«, &C- 
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Approziraate Boots of Equalion, 

5232. Corollary. The process of art 229 may be 
applied to finding the real roots of an egtuttton, the 
approximate values of which j4>btained by this process, 
can easily be reduced to decimals. 



EXAMPLES. 

'1. Find the real root of the equation 

a;3 _ 3 jc _ 8 = 0. 

Solution.^W^e have, in this case, 

il = 2, 
and if we sabstitute 



tt*.%s 



1 ■ , •: 

in the given equation, we obtain 

6x'8 — 9x'2 „e«'— 1 =tO, 

whence we have 

a = 2; 

and the substitution of 

gives 

ic/'8_30x"2 _27x" — 6 = 0; 

whence we have > 

0^ = 32, 
and so on. 

The approximate values of x are, therefore, 

2, 2J = 2,6, 2 H == 2,492,&c. 

2. Find the real root of the equation 

z8 _ 12 X _28 == 0. 

An$, X ist 4,90213. 



2M ▲BcrBBMu [icm 

Apfvroximato^ Riooti of B)i|cratioDr* 
3. Find' the real root of tii» cM)u«licn 

vln5. a; a:is 3,'36S10: 

233. Corollary. If the given equation is a binomial 
one, as in art. 149, we can obtain^ by this process, a 
root of any degree whatever. 

1. Extract the square root of 5 by means of continued 
fractions. 

Solution, Representing this root by z^ we have 

3C2 = 5, 

whence 

and the substitution of 

gives 

whence we have 

a = 4 ; 

and the substitution of 

«' = 4 4- — 

*"' 
gives 

• «^>— 4«"— I, 

which, being preciselythe same with tKe^quatioi!! ftir z', we 
may conclude that 

4 = « =^ a' = a" = a"' = d&c 
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and the approximating values are 

2i, 2^,2fJ, 2^, &c.; 
aod the value in decimals is . 

2,23606. 

3. Extract the third root of 46 by means of continued 

fractions. 

Ans, 3,583. 

3. Extract the third root of 35 by means of continued 

fractions. 

Ans, 3,271. 

4. Extract the square root of 2 by means of continued 

fractions. ^ 

Ans. 1,4142136. 
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EXPONENTIAL EQUATIONS 



AND 



LOGARITHMS. 



SECTION I. 

EZPOKENTIAJL EQUATIOITS* 

1. An Exponential Eqiuition is one in which Ihe 
unknown quantity occurs as an exponent'. 

2. Problem. To solve the exponential eqtmtum 

If = m. 

• « 

Solution. This equation is readily solved by means 
of continued fractions, as explained in Alg. art. 229. 

EXAMPLES. 

1. Solye the eqaation 

3»=i=100. 

Solution, Since we have 

3* = 81, 
and - 

3» = 243, 

22* 



x ' 
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^Solution of Exponential Equations. 

the greatest integer contained in z must be 4. Substituting 

then 

1 

ive have 

3*"^^ =^ 100, 
or 

3^.33? = 61 X 3:^= 100; 
and 

3?^Vy; • 

which being raised to the power denoted by z', is . 

By raising ^ to different powers, the greatest integer con- 
tained io x' is found to be 5. Substituting then 

we have 

/100\5+^ /100\s/100\i^. 

« = (8r) =(8r)(w) ' 



or 

IIIIIIHIIIIIIIIIIIII /I11IIV7 



looopoooooo /1^\^. 

3486784401 ^ V ^f/ 
Hence 

100 



^1,04603532031*' = 1^. 



from which the greatest integer contained in %" is found to 
be 4; and in the same way we iQight c<|^tinue the pro- 
cess. . 

The approximate values of x are then 

4, 4t, 4y\, = 4,19, &c. 






■»««MW 



S^ulioo pf £xpoiieiitlal EquatioM. 



2. Find an approximate vdue for z, in the equation 

iins. z = 2,46. 

3. Find an approximate value for x, in thp equation 

io» = 3. 

'Ans. X = 0,477. 

4. Find an approximate value for x, in the equation 

Ans. X = 0,63. 

3. Corollary, Whenever the values of p and m Are both 
larger or both smaller than unity, the value of x is positive. 
But when one of them is larger than unity while the other 
is smaller, the value of x must be negative ; for the positive 
power of a quantity larger than unity must be larger than 
unity, and the positive power of a quantity smaller than 
unity is smaller than unity ; whereas the negative power, 
being, the reciprocal of the corresponding positive power, 
must be greater than.unity, when the positive power is less 
than unity, and the reverse. 

Hence to solve the equation 

in which one of the quantities, b and m, is greater 
than unity, while the other is smaller than unity, 
make 

0? = — y, 



which gives 
or 






which may be solved as in the preceding article. 
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Positive and Negative LogaiitluDS. 

EXAMPIiES. 

1. SdTe by approximation the equation 

ilfi5, » = — 0,26. 

2. Solve by approximation the equation 

Ans. • « i= — 1,68. 



SECTION II. 
Nature and PBOPERTiiis or Looasitbms. 

4. The root of the equation 

6* = tn 

is called the logarithm of m ; and since, by the pre* 
ceding section, this root can be found for any value 
which m may have, it follows that etery 'member 
has a logarithm. The logarithm of a number is usual- 
ly denoted by log, before it, or simply by the letter /. 

5. But the value of th« logarithm varies with the 
value of 6, and therefore the value of 6, which is 
called the base of the system of logarithms, is of great 
importance; and the logarithm of a number maybe 
defined as the exponent of the power to which the base 
of the system m>usi be raised in order to produce this 
number. 
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Logarithm of Product and of Power. 

6. Corollary. When the, base is less than unity, it 
folio w*s, from art. 3, that the logarithms of all num- 
bers greater than unity are negative, .while those of 
all numbers less than unity are positive. 

But when, as is almost always the case, the base is 
greater than unity, the logarithms of all numbers 
greater than unity are positive, while those of all 
numbers less than unity are negative. 

7. Qorollary. Si«ce 

* ^ b'=h : / 

it follows that the logarithm of unity is zero in all 
systems. 

8. Theorem. The sums of the logarithms of several 
numbers is the logarithm, of their continued product. 

Demonstration. Let the numbers be m, m', m", &c., and 
let 6- be the base of the system ; we have then 

Jlog.m __. ^^ 

5 log.*' = »,', 
2,log.m"_ jt^n^ ^c. ; 

the product of which is, by art. 25, ♦ 

5 log. m + log. m' 4- log. w'» + &c. = jy| fn> m" &c. 

Hence, by art. 5, 

log. m m m" &c. = log, m + log. ml -|- log. m" -}" ^c. 

9. Corollary, If the number of the factors, m, ml^ &c. is 
n, and if they are all equal to each other, we have 

log. mmm &c. = log. m -f- log. m -|- log. m -|- &c. 

or 

log. wi* = n log. m ; 
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Logarithm of Root, Qaotient, and Reciprocal. 



that is, the hgartthm of any power of a number is 
equal to the logarithm of the number muUipUed by 
the exponent of the power. 

10. Corollary, If we substitute 

P = ««•, 
or 

m = V>, 
in the above equation, it becomes 

n 

log. p = n log. \/p, 
or 

log. Vii.= ~-^ 

n 

that is, the logarithm of any root of a number is ejual 

to the logarithm, of the number divided by the expo- 

nent of the ro^t. 

11. Corollary. The equation 

log. w^m' ■=• log. m, -f- log. m', 

gives log. mf = log. mmf — log. m \ 

that is, the logarithm of one faotor of a product is * 
equal to the logarithm of the product diminished by 
the logarithm of the other factor ; or, in other words, 

The logarithm of the quotient is equal to the loga- 
rithm of the dividend, diminished by the logarithm of 
the divisor. 

* __ 

12. Corollary. We have, by arts. 11 and 7, 

1 

n 

= — log. n ; 

that is, the logarithm of the reciprocal of a number is 
the negative of the logarithm of the number. 
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LogaHthms in different Systems. 
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13. Corollary. Since zero is the reciprocal of in- 
finity, we have ' 

log. == — log. 00 = — 00 ; 

that is, the logarithm of zero fs m^ative infinity. 

14. Corollary. Since we have 

. fti±=6, 
the logarithm of the base of a system, is unity, 

16. Theorem. If the logarithms of all numbers are 
calculated in a given system, they can be obtained for 
any other system by dividing the given logarithms 
by the logarithm of the base of the required system 
taken in the given system. 

Demonstration, Let b be the base of the given system, 
and b' that of the required system : and denote by log. the 
logarithms in the given system, and by log.' the logarithms 
in the required system. Taking then any number m, we 
have, by art. 6, 

and . . 

whence 

If we take the logarithms of each member of this equation 
in 4he given system, we have, by arts. 9 and 14, 

log.' m X log. 6' =5 log. m X log. b = log. i», 
or, dividing by log. b\ 

I ; log. Ill 
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Logarithms of a Power of 10. 

SECTION III. 

Common Logarithms anb trxjii Uses. 

16. The base of tb^ system of log^itbms in edm«' 
raon use is 10. 

17. Corollary. Hence', in cdmmon logarithms, we have, 
by arts. 14 and 7, ' 

log. 1=0, 

log. 10=1, 

log. 100 = log. 10« = a, 

log. 1000 = log. 108 =3, 

log. 10000 = Jog. 10* =4, 

also, log. 0,1 = log. 10-^ = — 1, 

log. 0,01 =log. 10-2__^^ 

log. 0,001 = log, lOr-3 =;= .^3, 

ihat is, the logaritktn of a numher, which is e&mp^ed 
of a figure 1 and cypher Sy is equal to the number cf 
places' by which the figure 1 is removed from the place 
of units ; the logarithm being positive when the figure 
I is to the left of the units^ place, and negative when ii 
is to the 7'ight of the units' place. 

18. Corollary, If, therefore, a number is 

between 1 and 10, its log. is between-0 and 1, 
if between 10 and 100, its log. is between 1 and 52, 
if between 100 and 1000, its log. is between 9 and 9, 
and so on. • - 
But if between 0,1 and 1, il« log. is between — 1 and 0, 
if between 0,01 & 0,1, its log. is between — 2 and — 1, 
and so on. 
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To find the I«ogariUim of » given Number. 

Hence, if the greatest iateger contained in a logar 
ritbm is called its charctderistiCf the characteristic -rf 
the logarithm of a number is eqtuU to the number of 
places by which its first significant figure on the left 
is removed from the units* place, the characteristic 
being positive when this figure is to the left of the 
units* place, negative; when it is to the right of the 
units* pUice, and zero when it is in the units* place, 

19. Logarithms have been found of such great 
practical use, that much labor has been devoted to 
the calculation and correction of logarithmic table8^ 
III the common tables they are given to 5, 6, or 7 
places of decimals. In almost all cases, however, 
6 places of decimals are sufficiently accurate ; and it 
is, therefore, advisable to save unnecessary labor, and 
avoid an increased liability to error, by omitting the 
places which may be given beyond the first five. 

20. Problem. To find the logarithm of a given 
number from the tables. 

Solution. First Find the characteristic by the 
rule of art* 18. 

The characteristic is the most important part of the loga- 
rithm, and yet the unskilful are very apt to err in regard to 
it, not appearing to consider that an error of a single unit in 
its Yalue will give a result 10 times as great or u small as it 
should be. 

If the characteristic thus found is negative, the 
negative s^gn is usually placed above it, that this sign 
m4xy not be referred to the decimal part of the loga* 

23 
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Finding a Logtrfthm. 



rtthm, which is always positive. But calculators are 
in the habit of avoiding the perplexity of a negoHve 
characteristic by subtracting its absolute value from 
10, and writing the difference in its stead; and^ in 
the use of a logarithm so written^ it mast ^^^ ^^ f<f^ 
gotten thai it exceeds the true value by 10. 

Secondly. In finding the decimal part of the hgor 
rithmj the decimal point of the given number is to be 
wholly disregarded, and any cyphers which may pre- 
cede its fiarst significant figure on the left, or follow its 
last significant figure on the right, are to be omitted. 

When the number thus simplified is contained 
within the limits of the tables, which we shall regard 
as ^ptending to nutnbers consisting of four places, 
the decimal part of its logarithm is found in a hori- 
zontal Kne with its three first figures, and in the 
column below its fourth figure; the second, third, 
and fmirth figures, when wanting, being supposed to 
be cyphers. 

When the number consists of more than four places, 
and is, therefore, beyond the limits of the 4ables, point 
off its first four places on the left and consider them 
as integers, regarding the other places as decimals. 

Care must be taken not to confound the decimal point 
thus introduced with the actual decimal point of the number, 
of which it is altogether independent. 

Find, in the tables, the decimal logarithm corre- 
sponding to the integral part of the number thus 
pointed off ; and also the difference between this loga- 
rithm and the one next above it, that is, the logarithm 
of the number which exceeds this integral part by^ 
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Finding t Logarithm, 

unity ; this difference is often given in the margin nf 
the tables. 

Multiply this d^erence by, the decimal fart of the 
nvmber as last pointed eff^ and omit in the product as 
many places to the right as there are places in this 
decimal part of the numJ)er. 

The product^ thus reduced, being added to the deei^ 
mal logarithm of the integral part of the number, is 
the decimal part of the required logarithm. 

21. Corolliary, This process for finding the deoimal part 
of the the logarithm of a number, which exceeds the limits 
of the tables, is founded on the following law, easily deduced 
from the inspection of the tables. 

If several numbers are nearly equal, their differ^ 
ences are proportional to the differences of their loga* 
rithms. 

EXAMPLES. 

1. Find the logarithm of 0,00325787. 

Solution, The characteristic is — 3, instead of which 
may be written 10 — 3 = 7. 

For the decimal part, the number is to be written 

3257,87 ; 

and we have 

log. 3258 — log. 3257 = 15 

now, multiplying by .87 

and omitting two places 105 

on the right, 120 

we have 13 

which, added to log. 3257 rs 51282 

gives. 51295; 
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Number corrMpondin^ to* Logarithm. 

and the raqaired logariUmi it 

log, 0,00925787 = 3751205, 
or, it may be written 7.51205. 

2. Find the logarithm of 1.8924. Ans. 0,27701. 

3. Find the logarithm of 757.823000. Ans. 8,87056. 

4. Find the logarithm of 0,00041359. 

Ans. 4761657, or 6,61657. 

5. Find the logarithm of 0,12345. 

Ans. T09149, or 9,09149. 

6. Find the logarithm of 99998. Ans. 4,99999. 

22. Problem. To Jind the number corresponding to 
a given logarithm. 

Solution. First. In fnding the figures of the re^ 
quired number^ the characteristic is to he neglected. 

When the decimal part of the given logarithm is 
exactly contained in the tablesy its corresponding num^ 
her can he immediately found hy inspection. 

But when the given logarithm, is not exactly con^ 
tained in the tables, the number j corresponding to the 
logarithm of the table which is next below it, gives 
the four first places on the left of the required num-^ 
her. 

One or two more places are found hy annexing one 
or two cyphers to the difference between the given 
logarithm and the logarithm of the tables next below 
iiy and dividing by the difference between the logarithm 
of the tables next below and that next above the given 
logarithm. 



J . 
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Number conresponding to Logarithm. 

\ 

When tables are used in which the lo|^arithiiw art given 
to five places, the accuracy of the corresponding nambers is 
never to be relied upon to more than 6 places, and rarely to 
more than 5 places ; so that in finding the last quotient| OM 
place is usually sufficient. 

Secondly. The position of the decimal point of the 
required number depends altogether upon the charaC" 
teristic of the given logarithm^ and is easily ascer' 
tained by the rule of art. 18 ; cyphers being prefixed 
or annexed when required. 

EXAMPLES. 

1. Find the number, whose logarithm is 8.19325. 

Solution. We have for the logarithm of the tables next 
below the given logarithm 

,19313 ^ log. 1560. 
Hence 

the diff. between given log. and log. 1560 =2 13„ 

also ^ log. 1561 -^ log. 1560 = 28^ 

and the quotient iff = 46 

gives the two additional places; so that the six places of 
the required number are 

156046,^ 
and the number is, therefore, 

156046000. 

3. Find the number,, whose logarithnp^'is 2^1351 K 

Ans. 136,493. 

3. Find the number, whose logarithm is 1,76888. 

An$. 58J328, 

4. Find the number, whora logarithm is 0,11111. 

Ans. 1,29154. 
23» 
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If ultiplicatioii of Logarithms. 
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6. Find the numbery whose logarithm it 2,06367. 

Ans. 0,0962875. 

6. Pittd the number, whose logarithm, when written 10 

iMre than it should be» is 9,35846. 

Ans. 0,22828. 

23, . Problem, To fnd the product of two or more 
/actors by means of logarithms. 

Solution, Find the sum of the logarithms of the 
factors^ and the number^ of which this sum is the 
logarithm^ is, by art. 8, the required product. 

When the logarithm of any of the factors is written, as 
in art. 20, 10 m^ore than its trtie value, as m,any times 
10 should be subtracted from the result as there are 
such logarithms. 

EXAMPLES. 

1. Find the continued product of 78,052, 0,6198, 341000, 
100,008, and 0,0009. 

Solution. We find, from the tables, 

log. 78,062 = 1,89238 

10 -flog. 0,6198 =c 9,79086 
log. 341000 = 5,53275 
log. 100,4)06 s: 2,00003 

10 + log. 0»0009 ::= 6,95424 

log. 1479960 6,17025 

and the requked product is 1479960. 

In the sum of the preceding logarithms 20 was 
neglected, because two of the logarithms were 
written 10 more than they should be. 

2. Find the continued product of 0,0001, 7,9004, 0,66, 
0,032669, and 17899,1. Ans, 0,269347. 
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- InvolutioB by Lof^thms. 

3. Find the continued product of 3,1416, 0,559, ftnd 
64,01. ^115. 112,41. 

4. Find the continued product of 8,26, 0,0025, 0,25, 
and 0,003. Ans. 0,00000611257. 

24. Problem. To fnd amy fower of a given number 
by means of logarithms. 

Solvtum. Multiply the logarithm of the given 
number by the exponent of the required power y and the 
numhery of which this product is the logarithm, is, 
by art. 9, the required pow.er. 

When the logarithm of the given number is written 
10 more than it should be, as many times 10 must be 
deducted from the product as there are units in the 
given exponent. 

EXAMPLES. 

1. Find the 4th power of 0,98573. 

Solution, We have, by the tables 

10 + log. 0,98573 == 9,99375 
multiply by 4 

10 + log. 0,9446 =9.97500 

and the required power is 0,9446. 

In the above product, 40 should have been neg- 
lected, but in order to avoid a negative character- 
istic, only 30 was neglected, leaving the exponent 
10 too large. 

2. Find the third power of 0,25. Ans. 0,015625. 

3. Find the 7th power of 3,1416. Ans. 3020,28. 

4. Find the square of 0,0031422. 

Ans. 0,00000967325. 
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Evolution by Logarithms. 

26. Problem. To Jfnd any root of a given number 
by means of logarithms. 

Solution. Divide the logarithm of the given, num- 
ber by the exponent of the required root^ and the 
number, of which this quotient is the logarithm,, is, 
by art. 10, the required root. 

When the logarithm of the given number has a 
negative characteristic, instead of being increased by 
10, it should be increased by as m^ny times 10 as 
there are units in the exponent of the root, and the 
qtiotient will in this case exceed its true value by 10. 

EXAMPLES. 

1. Find the fifth root of 0,028145. 
Solution. We have, by the tables, 

50 + log. 0,028145 = 48,44940, 
which, divided by 5, give& 

10 + log. 0,489644 = 9,68968, 
and the required root is 0,489644. 

2. Find the cube root of 0,002197. Ans. 0,13. 

3. Find the 10th root of 0,000.000001. Ans. 0,12589. 

4. Find the square root of 238,149. Ans. 15,4317. 

26. The arithmetical complement of a logarithm 
is the remainder after subtracting it from 10. 

27. Corollary. The arithmetical complement of 
the logarithm of a number is, by art. 12, and the pre- 
ceding article, the logarithm of its reciprocal increas- 
ed by 10. 
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Arithm«tica] Complemedf. 

28. Corollary, The most convenient method of 

Jinding the arithmetical complement of a logarithm 

is to subtract the frst significant figure on the right 

from 10, and each figure to the left of this figure 

from 9, ' 

EXAMPiuES. 

1. Find the arithmetical oomplement of 0,02595. 

Ans. 0,37405. 

2. Find the arithmetical complement of the logarithm 
of 6. Ans. 9,22185* 

3. Find the arithmetical complement of the logarithm of 
0,07. Ans. 11,15490. 

4. Find the reciprocal of 0,01 1 15. 

SobtOoH. We have, by the tables, 

log. 0,01115 (ar.co.) 11,95278 
subtract 10 



log. 89,608 1.95273 

and the required reciprocal is 896,8* 
5. Find the reciprocal of 2330. Ans. 0,00042918. 
^' ^ind the reciprocal of 68,99. Ans. 0,014494. 

29. "'^i^TTi. To find the quotient of one number 
divided by am..^ f^ ^^^^^ ^jr loganthms. 

Solution. Subtrt., ^f^^ hgaHthm of the divisor from 
that of the divyiend, a^ ^y^^ number, of which the 
remainder is ih logarithih,^^^ jy ^^t. II, the required 
quotient. 

Or, since, by rt. 58, multiplying }^y the reciprocal 
of a number is he same as dividing by it, add the 
logarithm of thdividend to the aHthmetical comph- 
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Division by Lognrithms. 



ment of the logariihtn of this divisor, and the sum 
diminished by 10 is the logarithm of the quotient. 

WVhen th^ logarithm of the dividend is written 10 
Quore than its true value, 20 musi be subtracted from 
the sum, instead of 10. 



KXAMPLCS. 

1. I>tTide 0,01478 by 0,9243. 
Sohttian. We have, bj tbe tables. 



30. Corollary. The value of any fraction may be 
Jhimd by adding together the logarithms of all the 
factors of the numerator and the arithmetical comp^^ 
ments of all the factors of the denominator jOfi^^^^' 
trading from the sum as many times \0/r^^^ are 
arithmetical complements plus as jp^ times 10 as 
there are logarithms of the facUy^f ^^^ numerator, 
which are written greater tha^^'''^ ^^^^ ^«'**« ^V W j 
the remainder is the loga^'^ ^/^*^ fraction. 

EXAHPIiES. 

I. Find the value of the fraction — 



(1,^ * X (0,006)' 



10 + log. 0,01478 




8,16967 


log. 0,9243 (ar. 


CO.) 


10,03419 


10 + log. 0,01599 




8,20386 


and the required quotient is 0,01599. 




2. DiTide 0,00815 by 0,0025. 




Ans. 3,26. 


3. Divide 40,32 by 2240. 




Ans. 0,Oia 


4. Divide 0,875 by 25. 




Ans. 0,035. 


5. Divide 0,013 by 0,13. 




Ans, 0,1. 
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Vafioas Examples of the Use of Log«ritbm«. 

Solution, We have, from the tables, 

10 + log. ^,327 ) 7 6,70185 

log. V 19,81 0,64844 

log. (1,23)* (ar. ca) 9,97023 , 
log. (0,005)2 (ar. co.) 14,60206 

log. 3,672 1,92258 

and the required value is 83,672. 

2. Find the value of the fraction ^ /?2??^^y 

Ans. 0;2308. 

« « .. 1- 11...^. » /347 X VO.OOTSv 

3. Find the value of the traction ^ f ^ \ ^ 

^ 126 XV* ' 
Ans. 1,0666. 

31. Corollary, The logarithm of the fourth ttrm 
o/ a proportion is found by adding together the arith^ 
metical complement of the logarithms ofthefrstterm 
and the logarithms of the second and third terms. 



EXAMPLES. 

1. Find the fourth term of the proportion 

963 : 1279 = 8,7 : x. 

Solution. log. 969 (ar. co.) 7,01637 

log. 1279 3,10687 

log. 8,7 0,93952 

log. 11,555 1,06276 

and we have x = 11,555. 

2. Find the fourth term of the proportion 

0,0138 : 0,319 = 76,5 : z. 

Ans. X = 1768,3. 
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Exponential Equation. 

32. Problem. To solve the exponenHal equaiion 

a* = nif 
by means of logaritktns. 

Solution. TIra logarithms of the two members of this 

equation gire 

X log. a = log. m ; 

hence log. m 

log. a 

or log. X =3 log. log. m : log. log. a ; 

that is, the root of this equation is equed to the loga^ 
rithm of m divided by the logarithm of a, and this 
quotient may be obtuined by the aid 6f logarithms. 

EXAMPJLKS. 

1. Solve the equation 

625* = 3125. 

Sohttiou. We ha?e, from the tables, 

log. 3125 »= 3,49485, 

1<^. 625 = 2,79588; 
and also 

log. log. 3125 = log. 3,49485 = 0,54343 

log. log. 625 =3 log. 2,79588 =x 0,44642 



log. X ^ log. 1,25 0,09701 ; 

hence % == 1,25. 

2. Solre the equation 

3* = 15. 

An^ X = 2,464. 

3. Sol?e the equation 

10« = 3. 

Ans. X = 0,477- 

THE END. 



^/ 



/, - 



A -/ ■ y - 



n 



-f / 



' I 



/ 



y- ( 



\/ i 



- • 



/ - 



^; 



i - -^ r 



y - 


)■ 


// i ■ 


b 




' 




i 



- 1 I t, 



' ' • I 



r / 



t - • 

f » 



/ 



/ 






/ 



/ 



y 



V 



/ 



J 



i 



